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Controlling dynamical fluctuations in open quantum systems is essential both for our comprehen-
sion of quantum nonequilibrium behaviour and for its possible application in near-term quantum
technologies. However, understanding large fluctuations is extremely challenging due, to a large
extent, to a lack of efficient numerical methods. Here, we devise a unified framework –based on
population-dynamics methods– for the evaluation of the full probability distribution of generic
time-integrated observables in Markovian quantum jump processes. These include quantities carry-
ing information about genuine quantum features, such as quantum superposition or entanglement,
not accessible with existing numerical techniques. The algorithm we propose provides dynamical
free-energy and entropy functionals which, akin to their equilibrium counterpart, permit to unveil
intriguing phase-transition behaviour in quantum trajectories. We discuss some applications and
further disclose coexistence and hysteresis, between a highly entangled phase and a low entangled
one, in large fluctuations of a strongly interacting few-body system.
Fluctuations, even those well far from the average,
play a fundamental role both in classical and quantum
systems. In equilibrium, for instance, it is necessary to
know the probability of every microscopic configuration
in order to predict, via the singularities in the partition
function, the existence of phase transitions. This excep-
tional result of standard statistical mechanics, however,
breaks down as soon as we drive the system far from equi-
librium. In this scenario, strong spatio-temporal corre-
lations that are absent in equilibrium emerge [1–5] and
stationary properties alone are not sufficient to under-
stand the physics of the system, being required to study
its trajectories and their statistical properties. To this
aim, a thermodynamic formalism for trajectories –built
on large deviations [6]– has been devised [7–11], leading
to important breakthroughs in the nonequilibrium realm
[12–16]. Nonetheless, its application to the exploration
of dynamical fluctuations of genuine quantum features,
such as entanglement, has been elusive so far.
Extensively investigated in equilibrium and in unitary
dynamics [17–21], entanglement is a crucial resource for
quantum information and metrology [22–24], and fur-
ther represents a measure of complexity for the many-
body wave-function. Its notion has led to important ad-
vances in subjects ranging from thermalization or quan-
tum thermodynamics [25, 26] to black holes and cosmol-
ogy [27, 28]. Recently, the dynamics of entanglement
in open systems and in stochastic pure state evolutions
has been the focus of intense research [29]. From the
analysis of trajectories, it has been possible to observe
nonequilibrium entanglement phase transitions [30–32]
and to develop a dissipative quasi-particle picture in non-
interacting systems [33]. However, fundamental ques-
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FIG. 1. Sketch of Coexistence of Dynamical Regimes. (a)
Statistics of time-averaged entanglement showing bimodality
of two regimes, a high and a low entanglement one. Fluctu-
ations with time-averaged entanglement between the typical
values of the two regimes are characterised by alternating be-
haviour in time, as shown by a representative trajectory in
(b). If the phases are equally likely, then all possible interme-
diate values for the time-averaged entanglement also are.
tions like “What is the probability of observing a given
entanglement fluctuation?” or “Is it possible to observe
phase transitions, analogous to those in equilibrium, in
entanglement fluctuations?” have, as yet, not been fully
addressed.
Here, borrowing ideas from classical nonequilibrium
[34, 35], we develop a unified framework for the eval-
uation of the probability distribution of dynamical
fluctuations of arbitrary time-integrated observables in
quantum jump processes [36, 37]. This approach thus
permits to uncover the statistics of a number of observ-
ables not accessible with state-of-the-art nonequilibrium
algorithms [38–40]. To illustrate its potential, we derive
the dynamical counterpart of equilibrium free-energy
and entropy functionals for entanglement [41, 42] and
quantum coherence. We further unveil critical phe-
nomena with coexistence –as sketched in Fig. 1– and
hysteresis between a high and a low entanglement phase,
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2in fluctuations of strongly interacting few-body systems.
Quantum trajectories– We focus on open quantum
systems described by quantum jump processes [36, 37].
The average quantum state ρt evolves through the Lind-
blad master equation [43, 44]
ρ˙t = −iHeffρt + iρtH†eff +
NJ∑
µ=1
JµρtJ
†
µ , (1)
where Heff = H − i/2
∑
µ J
†
µJµ is the effective Hamilto-
nian, with H being the Hamiltonian of the system. NJ
stands for the number of jump operators Jµ encoding
the system-bath interaction. However, the process is
stochastic and much more information than in the
average dynamics (1) is contained in quantum tra-
jectories. These are dynamical realisations, in which
an initial pure state follows an overall deterministic
evolution with Heff , punctuated by stochastic jumps
at random times. We exploit a discrete-time approx-
imation, where a trajectory of length τ is divided
into N infinitesimal time-steps δt = τ/N → 0. At
each time t = kδt, the pure state |ψt〉 either jumps to
|ψt+δt〉 = Jµ|ψt〉/ ‖Jµ|ψt〉‖, for µ = 1, 2, . . . NJ, with
probability pµ = δt 〈ψt|J†µJµ|ψt〉, or evolves under
Heff to |ψt+δt〉 = e−iδtHeff |ψt〉/
∥∥e−iδtHeff |ψt〉∥∥, with
probability p0 = 1−
∑NJ
µ=1 pµ.
Statistics of time-integrated observables– We now
briefly present the formalism that allows us to derive the
statistics of time-integrated observables in quantum jump
processes. To this end, we notice that a quantum trajec-
tory, denoted by ωτ , consists of a sequence of pure states
ωτ = {|ψ0〉, |ψ1〉, . . . |ψN 〉}, where |ψk〉 is short-hand for
|ψt=k δt〉, whose probability is given by
P [ωτ ] = p|ψ0〉p|ψ0〉→|ψ1〉 . . . p|ψN−1〉→|ψN 〉 . (2)
Here p|ψ0〉 is the probability of the initial (pure) state
while p|ψk〉→|ψk+1〉 is the transition probability at t = kδt,
corresponding either to pµ or p0 depending on whether
the state jumps with Jµ or evolves under Heff . The
full set of trajectories and associated probabilities com-
pletely characterises the process. However, this informa-
tion is often intractable and experimentally irrelevant,
the focus thus being on the statistics of one or several
time-integrated observables Oτ . Each of these can be
expressed as a functional over trajectories, Oτ = O[ωτ ]
and, in the discrete-time approximation, written as
O[ωτ ] =
N−1∑
k=0
α (|ψk〉, |ψk+1〉) , (3)
where α is an observable-dependent function describing
the discrete increment of Oτ . As such, the probability
distribution of O can be obtained by contraction from
p0
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(b) Atypical Quantum Trajectories
X
X
X
X
X
X
X
X| 3ki
<latexit sha1_base64="aJoZZy6Wut/GOyhyPTIB/0Rl7HI=">AAACfHicbVHbbtNAEN2YWwmXpvDIy4pQCQkR2S3i8oBUikC8UaSmrRSbaLwZJ6vsxdodV0TGf8Ir/BM/g1in QWoa5unMOWd0RjN5qaSnOP7dia5dv3Hz1tbt7p279+5v93YenHhbOYFDYZV1Zzl4VNLgkCQpPCsdgs4Vnubz961+eo7OS2uOaVFipmFqZCEFUKDGvd73tPTy6/54njowU4XjXj8exMvimyBZgT5b1dF4p3OcTqyoNBoSCrwfJXFJWQ2OpFDYdNPKYwliDlMcBWhAo8/q5eoN3y2s4zRDvuwve2vQ3i90HjwaaOavai35P21UUfE6q6UpK0IjgiVoRaU4Wd5egE+kQ0Fq EQAIJ8OWXMzAgaBwp7WU3MEcqenuph6pDXK6fuckqEuULzYoojUqt2pyMTw6DPCjNfS2/lyS1MA/fCMHhyrkNdk/rjU13fCH5OrVN8HJ3iDZH+x9edE/eLP6yBZ7xB6zpyxhr9gB+8SO2JAJds5+sJ/sV+dP9CR6Fj2/sEad1cxDtlbRy79SSsOU</latexit>
| 2ki
<latexit sha1_base64="oYwKWJLqQIBZjx17K6uueXAgL5w=">AAACfHicbVHbbtNAEN2YWwm3FB55WREqISEiOyAuD0ilCMQbRWraSrGJxptxssperN1xRWT8J7zCP/EziHUa pKZhns6cc0ZnNJOXSnqK49+d6MrVa9dv7Nzs3rp95+693u79Y28rJ3AkrLLuNAePShockSSFp6VD0LnCk3zxvtVPztB5ac0RLUvMNMyMLKQACtSk1/uell5+HU4WqQMzUzjp9eNBvCq+DZI16LN1HU52O0fp1IpKoyGhwPtxEpeU1eBICoVNN608liAWMMNxgAY0+qxerd7wvcI6TnPkq/6itwbt/VLnwaOB5v6y1pL/08YVFa+zWpqyIjQiWIJWVIqT5e0F+FQ6FKSW AYBwMmzJxRwcCAp32kjJHSyQmu5e6pHaIKfrd06CukD5Yosi2qByq6bnw+ODAD9aQ2/rzyVJDfzDN3JwoEJek/3jWlPTDX9ILl99GxwPB8nzwfDLi/7+m/VHdthD9og9YQl7xfbZJ3bIRkywM/aD/WS/On+ix9HT6Nm5NeqsZx6wjYpe/gVQOsOT</latexit>
| 1ki
<latexit sha1_base64="pWbDMNecfbFDjuFyosfPRUJIMlc=">AAACfHicbVHbbtNAEN2YWwm3FB55WREqISEiu6AWHpBKEYg3itS0lWITjTfjZJW9WLvjisj4T3iFf+JnEOs0 SE3DPJ0554zOaCYvlfQUx7870bXrN27e2rrdvXP33v0Hve2HJ95WTuBQWGXdWQ4elTQ4JEkKz0qHoHOFp/n8faufnqPz0ppjWpSYaZgaWUgBFKhxr/c9Lb38moznqQMzVTju9eNBvCy+CZIV6LNVHY23O8fpxIpKoyGhwPtREpeU1eBICoVNN608liDmMMVRgAY0+qxert7wncI6TjPky/6ytwbt/ULnwaOBZv6q1pL/00YVFa+zWpqyIjQiWIJWVIqT5e0F+EQ6FKQW AYBwMmzJxQwcCAp3WkvJHcyRmu5O6pHaIKfrd06CukT5YoMiWqNyqyYXw6PDAD9aQ2/rzyVJDfzDN3JwqEJek/3jWlPTDX9Irl59E5zsDpKXg90vr/oHb1Yf2WKP2RP2jCVsnx2wT+yIDZlg5+wH+8l+df5ET6Pn0YsLa9RZzTxiaxXt/QVOKsOS</latexit>
| 4ki
<latexit sha1_base64="pk+X+xHMVrzR+YcN4OImM/fv+88=">AAACfHicbVHbbtNAEN2YWwmXpvDIy4pQCQkR2aXi8oBUikC8UaSmrRSbaLwZJ6vsxdodV0TGf8Ir/BM/g1in QWoa5unMOWd0RjN5qaSnOP7dia5dv3Hz1tbt7p279+5v93YenHhbOYFDYZV1Zzl4VNLgkCQpPCsdgs4Vnubz961+eo7OS2uOaVFipmFqZCEFUKDGvd73tPTy6/54njowU4XjXj8exMvimyBZgT5b1dF4p3OcTqyoNBoSCrwfJXFJWQ2OpFDYdNPKYwliDlMcBWhAo8/q5eoN3y2s4zRDvuwve2vQ3i90HjwaaOavai35P21UUfE6q6UpK0IjgiVoRaU4Wd5egE+kQ0Fq EQAIJ8OWXMzAgaBwp7WU3MEcqenuph6pDXK6fuckqEuULzYoojUqt2pyMTw6DPCjNfS2/lyS1MA/fCMHhyrkNdk/rjU13fCH5OrVN8HJ3iB5Mdj7st8/eLP6yBZ7xB6zpyxhr9gB+8SO2JAJds5+sJ/sV+dP9CR6Fj2/sEad1cxDtlbRy79UWsOV</latexit>
| 5ki
<latexit sha1_base64="KQ3eI7HvONjbLMl6U1nQfmoVZlE=">AAACfHicbVHbbtNAEN2YWwmXpvDIy4pQCQkR2eX+gFSKQLxRpKatFJtovBknq+zF2h1XRMZ/wiv8Ez+DWKdB ahrm6cw5Z3RGM3mppKc4/t2Jrly9dv3G1s3urdt37m73du4de1s5gUNhlXWnOXhU0uCQJCk8LR2CzhWe5PP3rX5yhs5La45oUWKmYWpkIQVQoMa93ve09PLri/E8dWCmCse9fjyIl8U3QbICfbaqw/FO5yidWFFpNCQUeD9K4pKyGhxJobDpppXHEsQcpjgK0IBGn9XL1Ru+W1jHaYZ82V/01qC9X+g8eDTQzF/WWvJ/2qii4nVWS1NWhEYES9CKSnGyvL0An0iHgtQi ABBOhi25mIEDQeFOaym5gzlS091NPVIb5HT9zklQFyhfbFBEa1Ru1eR8eHQQ4Edr6G39uSSpgX/4Rg4OVMhrsn9ca2q64Q/J5atvguO9QfJssPfleX//zeojW+wBe8ges4S9YvvsEztkQybYGfvBfrJfnT/Ro+hJ9PTcGnVWM/fZWkUv/wJWasOW</latexit>
| 6ki
<latexit sha1_base64="5dLRGful+COGZjsPDAKEspKMdMA=">AAACfHicbVHbbtNAEN2YWwmXpvDIy4pQCQkR2QUVeEAqRSDeKFLTVopNNN6Mk1X2Yu2OKyLjP+EV/omfQazT IDUN83TmnDM6o5m8VNJTHP/uRNeu37h5a+t2987de/e3ezsPTrytnMChsMq6sxw8KmlwSJIUnpUOQecKT/P5+1Y/PUfnpTXHtCgx0zA1spACKFDjXu97Wnr5dX88Tx2YqcJxrx8P4mXxTZCsQJ+t6mi80zlOJ1ZUGg0JBd6PkrikrAZHUihsumnlsQQxhymOAjSg0Wf1cvWG7xbWcZohX/aXvTVo7xc6Dx4NNPNXtZb8nzaqqHid1dKUFaERwRK0olKcLG8vwCfSoSC1 CACEk2FLLmbgQFC401pK7mCO1HR3U4/UBjldv3MS1CXKFxsU0RqVWzW5GB4dBvjRGnpbfy5JauAfvpGDQxXymuwf15qabvhDcvXqm+Bkb5C8GOx9edk/eLP6yBZ7xB6zpyxhr9gB+8SO2JAJds5+sJ/sV+dP9CR6Fj2/sEad1cxDtlbR/l9YesOX</latexit>
| 1k+1i
<latexit sha1_base64="+wEG3gNfgUr5ltm6hUsjFXnncPU=">AAACgHicbVFdaxNREL1Zv2r8StU3Xy6GQkGIu1VoFYRaUXyzQtMWsmuYvZlNLrkfy72zYlz3v/iq/8h/ 4900QtM4T2fOOcMZZvJSSU9x/KcTXbt+4+atrdvdO3fv3X/Q23546m3lBA6FVdad5+BRSYNDkqTwvHQIOld4ls/ftfrZV3ReWnNCixIzDVMjCymAAjXuPf6Rll5+Scb1/FnSpA7MVOG4148H8bL4JkhWoM9WdTze7pykEysqjYaEAu9HSVxSVoMjKRQ23bTyWIKYwxRHARrQ6LN6uX7DdwrrOM2QL/vL3hq09wudB48GmvmrWkv+TxtVVBxktTRlRWhEsASt qBQny9sr8Il0KEgtAgDhZNiSixk4EBRutZaSO5gjNd2d1CO1QU7Xb50EdYnyxQZFtEblVk0uhkdHAX6wht7Un0qSGvj7b+TgSIW8JvvHtaamG/6QXL36JjjdGyQvBnufX/YPX60+ssWesKdslyVsnx2yj+yYDZlg39lP9ov9jqJoN3oeJRfWqLOaecTWKnr9F4ivxA8=</latexit>
| 2k+1i
<latexit sha1_base64="s5GOSDnGoE3uHgAWrvFLbMqvokM=">AAACgHicbVHbihNBEO2MtzXesuqbL41hYUGIM1HwAsK6ovjmCpvdhcwYajo1SZO+DN01YhznX3zVP/Jv 7MlG2Gysp1PnnOIUVXmppKc4/tOJrly9dv3Gzs3urdt37t7r7d4/8bZyAkfCKuvOcvCopMERSVJ4VjoEnSs8zRfvWv30KzovrTmmZYmZhpmRhRRAgZr0Hv5ISy+/DCf14knSpA7MTOGk148H8ar4NkjWoM/WdTTZ7RynUysqjYaEAu/HSVxSVoMjKRQ23bTyWIJYwAzHARrQ6LN6tX7D9wrrOM2Rr/qL3hq090udB48GmvvLWkv+TxtXVLzMamnKitCIYAla USlOlrdX4FPpUJBaBgDCybAlF3NwICjcaiMld7BAarp7qUdqg5yu3zoJ6gLliy2KaIPKrZqeD48PA/xgDb2pP5UkNfD338jBoQp5TfaPa01NN/whuXz1bXAyHCTPBsPPz/sHr9Yf2WGP2GO2zxL2gh2wj+yIjZhg39lP9ov9jqJoP3oaJefWqLOeecA2Knr9F4rDxBA=</latexit>
| 3k+1i
<latexit sha1_base64="iGc5Rw6/G0ngZ5qKkwpgI6yvL7U=">AAACgHicbVFdaxNREL1Zv2r8aKq++XIxFApC3G0FP0CoFcU3KzRtIbuG2ZvZ5JL7sdw7K8Z1/4uv+o/8 N95NIzSN83TmnDOcYSYvlfQUx3860bXrN27e2rrdvXP33v3t3s6DU28rJ3AorLLuPAePShockiSF56VD0LnCs3z+rtXPvqLz0poTWpSYaZgaWUgBFKhx79GPtPTyy8G4nj9NmtSBmSoc9/rxIF4W3wTJCvTZqo7HO52TdGJFpdGQUOD9KIlLympwJIXCpptWHksQc5jiKEADGn1WL9dv+G5hHacZ8mV/2VuD9n6h8+DRQDN/VWvJ/2mjioqXWS1NWREaESxB KyrFyfL2CnwiHQpSiwBAOBm25GIGDgSFW62l5A7mSE13N/VIbZDT9VsnQV2ifLFBEa1RuVWTi+HRUYAfrKE39aeSpAb+/hs5OFIhr8n+ca2p6YY/JFevvglO9wfJwWD/8/P+4avVR7bYY/aE7bGEvWCH7CM7ZkMm2Hf2k/1iv6Mo2oueRcmFNeqsZh6ytYpe/wWM18QR</latexit>
| 4k+1i
<latexit sha1_base64="P6CaQvos3gmr5rPVvnqd9hw2b20=">AAACgHicbVFdaxNREL1Zv2r8aKq++XIxFApC3K0FP0CoFcU3KzRtIbuG2ZvZ5JL7sdw7K8Z1/4uv+o/8 N95NIzSN83TmnDOcYSYvlfQUx3860bXrN27e2rrdvXP33v3t3s6DU28rJ3AorLLuPAePShockiSF56VD0LnCs3z+rtXPvqLz0poTWpSYaZgaWUgBFKhx79GPtPTyy8G4nj9NmtSBmSoc9/rxIF4W3wTJCvTZqo7HO52TdGJFpdGQUOD9KIlLympwJIXCpptWHksQc5jiKEADGn1WL9dv+G5hHacZ8mV/2VuD9n6h8+DRQDN/VWvJ/2mjioqXWS1NWREaESxB KyrFyfL2CnwiHQpSiwBAOBm25GIGDgSFW62l5A7mSE13N/VIbZDT9VsnQV2ifLFBEa1RuVWTi+HRUYAfrKE39aeSpAb+/hs5OFIhr8n+ca2p6YY/JFevvglO9wfJ88H+54P+4avVR7bYY/aE7bGEvWCH7CM7ZkMm2Hf2k/1iv6Mo2oueRcmFNeqsZh6ytYpe/wWO68QS</latexit>
| 5k+1i
<latexit sha1_base64="QRiTfQlQvox6xUaFCPKC0KWa018=">AAACgHicbVHbbtNAEN2YWwmXpsAbLyuiSpWQgl1AXCSkUgTijSI1baXYROPNOFllL9buGBGM/4VX+CP+ hnUapKZhns6cc0ZnNJOXSnqK4z+d6MrVa9dvbN3s3rp95+52b+feibeVEzgUVll3loNHJQ0OSZLCs9Ih6FzhaT5/1+qnX9F5ac0xLUrMNEyNLKQACtS49+BHWnr55fm4nj9OmtSBmSoc9/rxIF4W3wTJCvTZqo7GO53jdGJFpdGQUOD9KIlLympwJIXCpptWHksQc5jiKEADGn1WL9dv+G5hHacZ8mV/0VuD9n6h8+DRQDN/WWvJ/2mjioqXWS1NWREaESxB KyrFyfL2CnwiHQpSiwBAOBm25GIGDgSFW62l5A7mSE13N/VIbZDT9VsnQV2gfLFBEa1RuVWT8+HRYYAfrKE39aeSpAb+/hs5OFQhr8n+ca2p6YY/JJevvglO9gfJ08H+52f9g1erj2yxh+wR22MJe8EO2Ed2xIZMsO/sJ/vFfkdRtBc9iZJza9RZzdxnaxW9/guQ/8QT</latexit>
| 6k+1i
<latexit sha1_base64="DaHr0W/zdJPEeo+UknrcIaMQsRQ=">AAACgHicbVHbbtNAEN2YWwmXpsAbLyuiSpWQgl0QNwmpFIF4o0hNWyk20XgzTlbZi7U7RgTjf+EV/oi/YZ0 GqWmYpzPnnNEZzeSlkp7i+E8nunL12vUbWze7t27fubvd27l34m3lBA6FVdad5eBRSYNDkqTwrHQIOld4ms/ftfrpV3ReWnNMixIzDVMjCymAAjXuPfiRll5+eT6u54+TJnVgpgrHvX48iJfFN0GyAn22qqPxTuc4nVhRaTQkFHg/SuKSshocSaGw6aaVxxLEHKY4CtCARp/Vy/UbvltYx2mGfNlf9NagvV/oPHg00Mxf1lryf9qoouJlVktTVoRGBEvQikpxsry9 Ap9Ih4LUIgAQToYtuZiBA0HhVmspuYM5UtPdTT1SG+R0/dZJUBcoX2xQRGtUbtXkfHh0GOAHa+hN/akkqYG//0YODlXIa7J/XGtquuEPyeWrb4KT/UHydLD/+Vn/4NXqI1vsIXvE9ljCXrAD9pEdsSET7Dv7yX6x31EU7UVPouTcGnVWM/fZWkWv/wKTE8QU</latexit>
| 1k+2i
<latexit sha1_base64="SPFfdQB3R75iFPHco6DiuX3eVoc=">AAACgHicbVHbihNBEO2MtzXesuqbL41hYUGIM1HwAsK6ovjmCpvdhcwYajo1SZO+DN01YhznX3zVP/Jv 7MlG2Gysp1PnnOIUVXmppKc4/tOJrly9dv3Gzs3urdt37t7r7d4/8bZyAkfCKuvOcvCopMERSVJ4VjoEnSs8zRfvWv30KzovrTmmZYmZhpmRhRRAgZr0Hv5ISy+/JJN68WTYpA7MTOGk148H8ar4NkjWoM/WdTTZ7RynUysqjYaEAu/HSVxSVoMjKRQ23bTyWIJYwAzHARrQ6LN6tX7D9wrrOM2Rr/qL3hq090udB48GmvvLWkv+TxtXVLzMamnKitCIYAla USlOlrdX4FPpUJBaBgDCybAlF3NwICjcaiMld7BAarp7qUdqg5yu3zoJ6gLliy2KaIPKrZqeD48PA/xgDb2pP5UkNfD338jBoQp5TfaPa01NN/whuXz1bXAyHCTPBsPPz/sHr9Yf2WGP2GO2zxL2gh2wj+yIjZhg39lP9ov9jqJoP3oaJefWqLOeecA2Knr9F4q+xBA=</latexit>
| 2k+2i
<latexit sha1_base64="5RTgYJOOw4iZBdTXqSF4SG1PRnk=">AAACgHicbVHbihNBEO2MtzXesuqbL41hYUGIM1HwAsK6ovjmCpvdhcwYajo1SZO+DN01YhznX3zVP/Jv 7MlG2Gysp1PnnOIUVXmppKc4/tOJrly9dv3Gzs3urdt37t7r7d4/8bZyAkfCKuvOcvCopMERSVJ4VjoEnSs8zRfvWv30KzovrTmmZYmZhpmRhRRAgZr0Hv5ISy+/DCf14smwSR2YmcJJrx8P4lXxbZCsQZ+t62iy2zlOp1ZUGg0JBd6Pk7ikrAZHUihsumnlsQSxgBmOAzSg0Wf1av2G7xXWcZojX/UXvTVo75c6Dx4NNPeXtZb8nzauqHiZ1dKUFaERwRK0 olKcLG+vwKfSoSC1DACEk2FLLubgQFC41UZK7mCB1HT3Uo/UBjldv3US1AXKF1sU0QaVWzU9Hx4fBvjBGnpTfypJauDvv5GDQxXymuwf15qabvhDcvnq2+BkOEieDYafn/cPXq0/ssMescdsnyXsBTtgH9kRGzHBvrOf7Bf7HUXRfvQ0Ss6tUWc984BtVPT6L4zSxBE=</latexit>
| 3k+2i
<latexit sha1_base64="RHKlc1WgrkuVxwoej7Rw1XIJ3PA=">AAACgHicbVHbattAEF0rvSTuJU6at74sNYFAwZWcQi9QSFNa+pYU4iRgqWa0HtmLd1did1TqqvqXvrZ/1L/ pynEgjjtPZ845wxlm0kJJR2H4txVs3Ll77/7mVvvBw0ePtzs7u+cuL63AgchVbi9TcKikwQFJUnhZWASdKrxIZx8a/eIbWidzc0bzAhMNEyMzKYA8Ners/YwLJ78ejqrZ834dWzAThaNON+yFi+LrIFqCLlvW6WindRaPc1FqNCQUODeMwoKSCixJobBux6XDAsQMJjj00IBGl1SL9Wu+n+WW0xT5or/prUA7N9ep92igqbutNeT/tGFJ2eukkqYoCY3wFq9lpeKU 8+YKfCwtClJzD0BY6bfkYgoWBPlbraSkFmZIdXs/dkhNkNXVeytB3aBctkYRrVBprsZXw8NjDz/lht5VJwVJDfzjd7JwrHxenVxzjalu+z9Et6++Ds77veiw1//ysnv0ZvmRTfaUPWMHLGKv2BH7zE7ZgAn2g/1iv9mfIAgOghdBdGUNWsuZJ2ylgrf/AI7mxBI=</latexit>
| 4k+2i
<latexit sha1_base64="gMj2ThQ70qsiamTC5wXfWx7rFcc=">AAACgHicbVHbattAEF2rt8S9xGnz1pelJhAouJIb6AUKSUpL35pCnAQs1YzWI3vx7krsjkJcVf+S1/aP+jd dOS7EcefpzDlnOMNMWijpKAz/tII7d+/df7Cx2X746PGTrc7201OXl1bgQOQqt+cpOFTS4IAkKTwvLIJOFZ6ls4+NfnaB1sncnNC8wETDxMhMCiBPjTo7P+PCye/7o2r2sl/HFsxE4ajTDXvhovg6iJagy5Z1PNpuncTjXJQaDQkFzg2jsKCkAktSKKzbcemwADGDCQ49NKDRJdVi/ZrvZrnlNEW+6G96K9DOzXXqPRpo6m5rDfk/bVhS9jappClKQiO8xWtZqTjl vLkCH0uLgtTcAxBW+i25mIIFQf5WKymphRlS3d6NHVITZHV1aCWoG5TL1iiiFSrN1fh6eHjk4efc0Ifqa0FSA/90SRaOlM+rk39cY6rb/g/R7auvg9N+L3rd63/b7x68W35kgz1nL9gei9gbdsC+sGM2YIL9YFfsF/sdBMFe8CqIrq1BaznzjK1U8P4vkPrEEw==</latexit>
| 5k+2i
<latexit sha1_base64="PCOI3f2qyxtboO6Kqps7IlKRtPE=">AAACgHicbVFdb9NAELyYAiV8NC288XIiqlQJKdgBBEVCKkWgvlGkpq0Um2h9WSen3PmsuzUidf1feIV/ xL/hnAapadin2ZlZzWo3LZR0FIZ/WsGtjdt37m7ea99/8PDRVmd759SZ0gocCKOMPU/BoZI5DkiSwvPCIuhU4Vk6+9joZ9/ROmnyE5oXmGiY5DKTAshTo86Ty7hw8tvrUTV73q9jC/lE4ajTDXvhovg6iJagy5Z1PNpuncRjI0qNOQkFzg2jsKCkAktSKKzbcemwADGDCQ49zEGjS6rF+jXfzYzlNEW+6K97K9DOzXXqPRpo6m5qDfk/bVhS9japZF6UhLnw Fq9lpeJkeHMFPpYWBam5ByCs9FtyMQULgvytVlJSCzOkur0bO6QmyOrqg5WgrlEuW6OIVqjUqPHV8PDQw88mp/fVl4KkBv7pB1k4VD6vTv5xjalu+z9EN6++Dk77vehlr//1Vfdgf/mRTfaUPWN7LGJv2AE7YsdswAS7YD/ZL/Y7CIK94EUQXVmD1nLmMVup4N1fkw7EFA==</latexit>
| 6k+2i
<latexit sha1_base64="YT7QfoA1mLwoFyRxTvQvQYIwoK4=">AAACgHicbVFdb9NAELyYAiV8NC288XIiqlQJKdgBAUVCKkWgvlGkpq0Um2h9WSen3PmsuzUidf1feIV/ xL/hnAapadin2ZlZzWo3LZR0FIZ/WsGtjdt37m7ea99/8PDRVmd759SZ0gocCKOMPU/BoZI5DkiSwvPCIuhU4Vk6+9joZ9/ROmnyE5oXmGiY5DKTAshTo86Ty7hw8tvrUTV73q9jC/lE4ajTDXvhovg6iJagy5Z1PNpuncRjI0qNOQkFzg2jsKCkAktSKKzbcemwADGDCQ49zEGjS6rF+jXfzYzlNEW+6K97K9DOzXXqPRpo6m5qDfk/bVhS9japZF6UhLnw Fq9lpeJkeHMFPpYWBam5ByCs9FtyMQULgvytVlJSCzOkur0bO6QmyOrqg5WgrlEuW6OIVqjUqPHV8PDQw88mp/fVl4KkBv7pB1k4VD6vTv5xjalu+z9EN6++Dk77vehlr//1Vfdgf/mRTfaUPWN7LGJv2AE7YsdswAS7YD/ZL/Y7CIK94EUQXVmD1nLmMVup4N1flSLEFQ==</latexit>
| 6k+3i
<latexit sha1_base64="1Ob+/GxmxKYcA9vxbGiAMvQeAxI=">AAACgHicbVHbbtNAEN2YWwm3FHjjZUVUqRJSsFvETUIqRSDeKFLTVopNNN6Mk1X2Yu2OEcH4X3iFP+JvWKdBahrm6cw5Z3RGM3mppKc4/tOJrly9dv3G1s3urdt37t7rbd8/8bZyAofCKuvOcvCopMEhSVJ4VjoEnSs8zefvWv30KzovrTmmRYmZhqmRhRRAgRr3Hv5ISy+/PB/X8yf7 TerATBWOe/14EC+Lb4JkBfpsVUfj7c5xOrGi0mhIKPB+lMQlZTU4kkJh000rjyWIOUxxFKABjT6rl+s3fKewjtMM+bK/6K1Be7/QefBooJm/rLXk/7RRRcXLrJamrAiNCJagFZXiZHl7BT6RDgWpRQAgnAxbcjEDB4LCrdZScgdzpKa7k3qkNsjp+q2ToC5QvtigiNao3KrJ+fDoMMAP1tCb+lNJUgN//40cHKqQ12T/uNbUdMMfkstX3wQne4Nkf7D3+Vn/4NXqI1vsEXvMdlnCXrAD9pEdsSET7Dv7yX6x31EU7UZPo+TcGnVWMw/YWkWv/wKXMcQW</latexit>
| 5k+3i
<latexit sha1_base64="5MmBUBgx0duvf5ojHSiJ9g/QMyk=">AAACgHicbVHbbtNAEN2YWwm3FHjjZUVUqRJSsFsQFwmpFIF4o0hNWyk20XgzTlbZi7U7RgTjf+EV/oi/YZ0GqWmYpzPnnNEZzeSlkp7i+E8nunL12vUbWze7t27fuXuvt33/xNvKCRwKq6w7y8GjkgaHJEnhWekQdK7wNJ+/a/XTr+i8tOaYFiVmGqZGFlIABWrce/gjLb388nxcz5/s N6kDM1U47vXjQbwsvgmSFeizVR2NtzvH6cSKSqMhocD7URKXlNXgSAqFTTetPJYg5jDFUYAGNPqsXq7f8J3COk4z5Mv+orcG7f1C58GjgWb+staS/9NGFRUvs1qasiI0IliCVlSKk+XtFfhEOhSkFgGAcDJsycUMHAgKt1pLyR3MkZruTuqR2iCn67dOgrpA+WKDIlqjcqsm58OjwwA/WENv6k8lSQ38/TdycKhCXpP941pT0w1/SC5ffROc7A2S/cHe52f9g1erj2yxR+wx22UJe8EO2Ed2xIZMsO/sJ/vFfkdRtBs9jZJza9RZzTxgaxW9/guVHcQV</latexit>
| 4k+3i
<latexit sha1_base64="72vwR//nSsjEyYirypfQT0oNNrU=">AAACgHicbVFdaxNREL1Zv2r8StU3Xy6GQkGIu23BDxBqRfHNCk1byK5h9mY2ueR+LPfOinHd/+Kr/iP/jXfTCE3jPJ055wxnmMlLJT3F8Z9OdO36jZu3tm5379y9d/9Bb/vhqbeVEzgUVll3noNHJQ0OSZLC89Ih6FzhWT5/1+pnX9F5ac0JLUrMNEyNLKQACtS49/hHWnr55WBcz5/t N6kDM1U47vXjQbwsvgmSFeizVR2Ptzsn6cSKSqMhocD7URKXlNXgSAqFTTetPJYg5jDFUYAGNPqsXq7f8J3COk4z5Mv+srcG7f1C58GjgWb+qtaS/9NGFRUvs1qasiI0IliCVlSKk+XtFfhEOhSkFgGAcDJsycUMHAgKt1pLyR3MkZruTuqR2iCn67dOgrpE+WKDIlqjcqsmF8OjowA/WENv6k8lSQ38/TdycKRCXpP941pT0w1/SK5efROc7g2S/cHe54P+4avVR7bYE/aU7bKEvWCH7CM7ZkMm2Hf2k/1iv6Mo2o2eR8mFNeqsZh6xtYpe/wWTCcQU</latexit>
| 3k+3i
<latexit sha1_base64="yIoShLK2evVMCYClrrwZOptSrdo=">AAACgHicbVHbattAEF2rt8S9xGnz1pelJhAouFJc6AUKSUpL35pCnAQs1YzWI3vx7krsjkJcVf+S1/aP+jddOS7EcefpzDlnOMNMWijpKAz/tII7d+/df7Cx2X746PGTrc7201OXl1bgQOQqt+cpOFTS4IAkKTwvLIJOFZ6ls4+NfnaB1sncnNC8wETDxMhMCiBPjTo7P+PCye/9UTV7 2a9jC2aicNTphr1wUXwdREvQZcs6Hm23TuJxLkqNhoQC54ZRWFBSgSUpFNbtuHRYgJjBBIceGtDokmqxfs13s9xymiJf9De9FWjn5jr1Hg00dbe1hvyfNiwpe5tU0hQloRHe4rWsVJxy3lyBj6VFQWruAQgr/ZZcTMGCIH+rlZTUwgypbu/GDqkJsro6tBLUDcplaxTRCpXmanw9PDzy8HNu6EP1tSCpgX+6JAtHyufVyT+uMdVt/4fo9tXXwel+L+r39r+97h68W35kgz1nL9gei9gbdsC+sGM2YIL9YFfsF/sdBMFe8CqIrq1BaznzjK1U8P4vkPXEEw==</latexit>
| 2k+3i
<latexit sha1_base64="VIAiROLJCWMXApUo41e8vKO021c=">AAACgHicbVHbattAEF0rvSTuJU6at74sNYFAwZWcQi9QSFNa+pYU4iRgqWa0HtmLd1did1TqqvqXvrZ/1L/pynEgjjtPZ845wxlm0kJJR2H4txVs3Ll77/7mVvvBw0ePtzs7u+cuL63AgchVbi9TcKikwQFJUnhZWASdKrxIZx8a/eIbWidzc0bzAhMNEyMzKYA8Ners/YwLJ7/2R9Xs +WEdWzAThaNON+yFi+LrIFqCLlvW6WindRaPc1FqNCQUODeMwoKSCixJobBux6XDAsQMJjj00IBGl1SL9Wu+n+WW0xT5or/prUA7N9ep92igqbutNeT/tGFJ2eukkqYoCY3wFq9lpeKU8+YKfCwtClJzD0BY6bfkYgoWBPlbraSkFmZIdXs/dkhNkNXVeytB3aBctkYRrVBprsZXw8NjDz/lht5VJwVJDfzjd7JwrHxenVxzjalu+z9Et6++Ds77veiw1//ysnv0ZvmRTfaUPWMHLGKv2BH7zE7ZgAn2g/1iv9mfIAgOghdBdGUNWsuZJ2ylgrf/AI7hxBI=</latexit>
| 1k+3i
<latexit sha1_base64="NeRJPrXB+SCfSueSEeYZDgOIm+M=">AAACgHicbVFdaxNREL1Zv2r8aKq++XIxFApC3G0FP0CoFcU3KzRtIbuG2ZvZ5JL7sdw7K8Z1/4uv+o/8N95NIzSN83TmnDOcYSYvlfQUx3860bXrN27e2rrdvXP33v3t3s6DU28rJ3AorLLuPAePShockiSF56VD0LnCs3z+rtXPvqLz0poTWpSYaZgaWUgBFKhx79GPtPTySzKu508P mtSBmSoc9/rxIF4W3wTJCvTZqo7HO52TdGJFpdGQUOD9KIlLympwJIXCpptWHksQc5jiKEADGn1WL9dv+G5hHacZ8mV/2VuD9n6h8+DRQDN/VWvJ/2mjioqXWS1NWREaESxBKyrFyfL2CnwiHQpSiwBAOBm25GIGDgSFW62l5A7mSE13N/VIbZDT9VsnQV2ifLFBEa1RuVWTi+HRUYAfrKE39aeSpAb+/hs5OFIhr8n+ca2p6YY/JFevvglO9wfJwWD/8/P+4avVR7bYY/aE7bGEvWCH7CM7ZkMm2Hf2k/1iv6Mo2oueRcmFNeqsZh6ytYpe/wWMzcQR</latexit>
X
XX
(a.1) Mutation (a.2) Selection (a.3) Resizing
time
k<latexit sha1_base64="vO0G87dFBhH2cKRz/FsBTmavx7E=">AAACa3icbVHBbhMxEHUWWkpaStregIPVKBKnaDdFAg5IpQjEjUZK2k rJqpp1ZhMr9nplz6JGq/2CXsvH8RH8A940SE3DnJ7fe6M3nklyJR2F4e9G8OTp1vaznefN3b0X+y9bB4cXzhRW4FAYZexVAg6VzHBIkhRe5RZBJwovk/mXWr/8idZJkw1okWOsYZrJVAogT/Xn16122A2XxTdBtAJttqrz64PGYDwxotCYkVDg3CgKc4pLsCSFwqo5LhzmIOYwxZGHGW h0cbmctOKd1FhOM+TL90NvCdq5hU68RwPN3GOtJv+njQpKP8SlzPKCMBPe4rW0UJwMrz/MJ9KiILXwAISVfkouZmBBkF/LWkpiYY5UNTtjh1QHWV1+thLUA8qlGxTRGpUYNblvHp15+M1k9Kn8kZPUwL/ekIUz5fOq+B9Xm6qmv0P0eOub4KLXjU66vf679unH1UV22Gt2zN6yiL1np+ w7O2dDJhiyW3bHfjX+BEfBq+DNvTVorHqO2FoFnb9s1bzk</latexit> k + 1
<latexit sha1_base64="ywPWSRyx0fiTaT90xe86ewxEa9g=">AAACbXicbVFdaxNBFJ2s2tZU+6H4pJShoSgIYbctVB+EGlF8a0ubtp As5e7kbjJkZmeZuSuGZX+Cr/rb/BX+BWeTFJqm9+nMOedy7tyb5Eo6CsO/jeDR4ycrq2tPm+vPnm9sbm2/uHSmsAK7wihjrxNwqGSGXZKk8Dq3CDpReJWMv9T61Q+0TprsgiY5xhqGmUylAPLU+fh9dLPVCtvhtPgyiOagxeZ1erPduOgPjCg0ZiQUONeLwpziEixJobBq9guHOYgxDL HnYQYaXVxOZ634XmospxHy6fuutwTt3EQn3qOBRu6+VpMPab2C0g9xKbO8IMyEt3gtLRQnw+sv84G0KEhNPABhpZ+SixFYEOQXs5CSWBgjVc29vkOqg6wuP1sJ6g7l0iWKaIFKjBrMmnsdD7+ZjD6VJzlJDfzrT7LQUT6vim+52lQ1/R2i+1tfBpf77eigvX922Dr+OL/IGnvNdtk7Fr Ejdsy+s1PWZYIN2S/2m/1p/AteBW+CnZk1aMx7XrKFCt7+B3M5vVQ=</latexit>
k + 2
<latexit sha1_base64="MPqnYwh+GRWeUV4d4dvTMmiB9C4=">AAACbXicbVHRahNBFJ1s1dZUbav4pMjQUBSEsJsWqg9CTVF8s9KmLS RLuTu5mwyZ2Vlm7hbDsp/gq36bX+EvdDZJoWm8T2fOOZdz594kV9JRGP5tBGsPHj5a33jc3Hzy9NnW9s7zc2cKK7AnjDL2MgGHSmbYI0kKL3OLoBOFF8nkuNYvrtE6abIzmuYYaxhlMpUCyFOnk/edq+1W2A5nxVdBtAAttqiTq53G2WBoRKExI6HAuX4U5hSXYEkKhVVzUDjMQUxghH 0PM9Do4nI2a8X3UmM5jZHP3ne9JWjnpjrxHg00dve1mvyf1i8o/RCXMssLwkx4i9fSQnEyvP4yH0qLgtTUAxBW+im5GIMFQX4xSymJhQlS1dwbOKQ6yOrys5Wg7lAuXaGIlqjEqOG8ud/18KvJ6FP5PSepgX/5SRa6yudV8S1Xm6qmv0N0f+ur4LzTjvbbnR8HraOPi4tssFdsl71jET tkR+wbO2E9JtiI/WK/2Z/Gv+Bl8Dp4M7cGjUXPC7ZUwdsbdUC9VQ==</latexit>
k + 3
<latexit sha1_base64="IWo9WFMsYcpv37InPlEI85LqpLc=">AAACbXicbVFdaxNBFJ2sXzW12lZ8UsrQUFoohN1UsD4IMaL41kqbtpAs5e7kbjJkZmeZuSuGZX+Cr/rb/BX+BWfTFJrG+3TmnHM5d+5NciUdheGfRvDg4aPHT9aeNtefbTx/sbm1feFMYQX2hVHGXiXgUMkM+yRJ 4VVuEXSi8DKZfqr1y+9onTTZOc1yjDWMM5lKAeSps+nh0fVmK2yH8+KrIFqAFlvU6fVW43w4MqLQmJFQ4NwgCnOKS7AkhcKqOSwc5iCmMMaBhxlodHE5n7Xie6mxnCbI5++73hK0czOdeI8Gmrj7Wk3+TxsUlB7HpczygjAT3uK1tFCcDK+/zEfSoiA18wCElX5KLiZgQZBfzFJKYmGKVDX3hg6pDrK6/GglqDuUS1cooiUqMWp00zzoefjFZPShPMlJauCff5CFnvJ5VXzL1aaq6e8Q3d/6KrjotKOjdufb21b3/eIia+w122UHLGLvWJd9ZaeszwQbs5/sF/vd+Bu8Ct4EOzfWoLHoecmWKtj/B3dHvVY=</latexit>
k<latexit sha1_base64="vO0G87dFBhH2cKRz/FsBTmavx7E=">AAACa3icbVHBbhMxEHUWWkpaStregIPVKBKnaDdFAg5IpQjEjUZK2k rJqpp1ZhMr9nplz6JGq/2CXsvH8RH8A940SE3DnJ7fe6M3nklyJR2F4e9G8OTp1vaznefN3b0X+y9bB4cXzhRW4FAYZexVAg6VzHBIkhRe5RZBJwovk/mXWr/8idZJkw1okWOsYZrJVAogT/Xn16122A2XxTdBtAJttqrz64PGYDwxotCYkVDg3CgKc4pLsCSFwqo5LhzmIOYwxZGHGW h0cbmctOKd1FhOM+TL90NvCdq5hU68RwPN3GOtJv+njQpKP8SlzPKCMBPe4rW0UJwMrz/MJ9KiILXwAISVfkouZmBBkF/LWkpiYY5UNTtjh1QHWV1+thLUA8qlGxTRGpUYNblvHp15+M1k9Kn8kZPUwL/ekIUz5fOq+B9Xm6qmv0P0eOub4KLXjU66vf679unH1UV22Gt2zN6yiL1np+ w7O2dDJhiyW3bHfjX+BEfBq+DNvTVorHqO2FoFnb9s1bzk</latexit> k + 1
<latexit sha1_base64="ywPWSRyx0fiTaT90xe86ewxEa9g=">AAACbXicbVFdaxNBFJ2s2tZU+6H4pJShoSgIYbctVB+EGlF8a0ubtp As5e7kbjJkZmeZuSuGZX+Cr/rb/BX+BWeTFJqm9+nMOedy7tyb5Eo6CsO/jeDR4ycrq2tPm+vPnm9sbm2/uHSmsAK7wihjrxNwqGSGXZKk8Dq3CDpReJWMv9T61Q+0TprsgiY5xhqGmUylAPLU+fh9dLPVCtvhtPgyiOagxeZ1erPduOgPjCg0ZiQUONeLwpziEixJobBq9guHOYgxDL HnYQYaXVxOZ634XmospxHy6fuutwTt3EQn3qOBRu6+VpMPab2C0g9xKbO8IMyEt3gtLRQnw+sv84G0KEhNPABhpZ+SixFYEOQXs5CSWBgjVc29vkOqg6wuP1sJ6g7l0iWKaIFKjBrMmnsdD7+ZjD6VJzlJDfzrT7LQUT6vim+52lQ1/R2i+1tfBpf77eigvX922Dr+OL/IGnvNdtk7Fr Ejdsy+s1PWZYIN2S/2m/1p/AteBW+CnZk1aMx7XrKFCt7+B3M5vVQ=</latexit>
k + 1
<latexit sha1_base64="ywPWSRyx0fiTaT90xe86ewxEa9g=">AAACbXicbVFdaxNBFJ2s2tZU+6H4pJShoSgIYbctVB+EGlF8a0ubtp As5e7kbjJkZmeZuSuGZX+Cr/rb/BX+BWeTFJqm9+nMOedy7tyb5Eo6CsO/jeDR4ycrq2tPm+vPnm9sbm2/uHSmsAK7wihjrxNwqGSGXZKk8Dq3CDpReJWMv9T61Q+0TprsgiY5xhqGmUylAPLU+fh9dLPVCtvhtPgyiOagxeZ1erPduOgPjCg0ZiQUONeLwpziEixJobBq9guHOYgxDL HnYQYaXVxOZ634XmospxHy6fuutwTt3EQn3qOBRu6+VpMPab2C0g9xKbO8IMyEt3gtLRQnw+sv84G0KEhNPABhpZ+SixFYEOQXs5CSWBgjVc29vkOqg6wuP1sJ6g7l0iWKaIFKjBrMmnsdD7+ZjD6VJzlJDfzrT7LQUT6vim+52lQ1/R2i+1tfBpf77eigvX922Dr+OL/IGnvNdtk7Fr Ejdsy+s1PWZYIN2S/2m/1p/AteBW+CnZk1aMx7XrKFCt7+B3M5vVQ=</latexit>
time
| 3ki
<latexit sha1_base64="aJoZZy6Wut/GOyhyPTIB/0Rl7HI=">AAACfHicbVHbbtNAEN2YWwmXpvDIy4pQCQkR2S3i8oBUikC8UaSmrRSbaLwZJ6vsxdodV0TGf8Ir/BM/ g1inQWoa5unMOWd0RjN5qaSnOP7dia5dv3Hz1tbt7p279+5v93YenHhbOYFDYZV1Zzl4VNLgkCQpPCsdgs4Vnubz961+eo7OS2uOaVFipmFqZCEFUKDGvd73tPTy6/54njowU4XjXj8exMvimyBZgT5b1dF4p3OcTqyoNBoSCrwfJXFJWQ2OpFDYdNPKYwliDlMcBWhAo8/q5eoN3y2s4zRDvuwve2vQ3i90HjwaaOavai35P21UUfE6q6UpK0IjgiVoRaU 4Wd5egE+kQ0FqEQAIJ8OWXMzAgaBwp7WU3MEcqenuph6pDXK6fuckqEuULzYoojUqt2pyMTw6DPCjNfS2/lyS1MA/fCMHhyrkNdk/rjU13fCH5OrVN8HJ3iDZH+x9edE/eLP6yBZ7xB6zpyxhr9gB+8SO2JAJds5+sJ/sV+dP9CR6Fj2/sEad1cxDtlbRy79SSsOU</latexit>
| 2ki
<latexit sha1_base64="oYwKWJLqQIBZjx17K6uueXAgL5w=">AAACfHicbVHbbtNAEN2YWwm3FB55WREqISEiOyAuD0ilCMQbRWraSrGJxptxssperN1xRWT8J7zCP/Ez iHUapKZhns6cc0ZnNJOXSnqK49+d6MrVa9dv7Nzs3rp95+693u79Y28rJ3AkrLLuNAePShockSSFp6VD0LnCk3zxvtVPztB5ac0RLUvMNMyMLKQACtSk1/uell5+HU4WqQMzUzjp9eNBvCq+DZI16LN1HU52O0fp1IpKoyGhwPtxEpeU1eBICoVNN608liAWMMNxgAY0+qxerd7wvcI6TnPkq/6itwbt/VLnwaOB5v6y1pL/08YVFa+zWpqyIjQiWIJWVIq T5e0F+FQ6FKSWAYBwMmzJxRwcCAp32kjJHSyQmu5e6pHaIKfrd06CukD5Yosi2qByq6bnw+ODAD9aQ2/rzyVJDfzDN3JwoEJek/3jWlPTDX9ILl99GxwPB8nzwfDLi/7+m/VHdthD9og9YQl7xfbZJ3bIRkywM/aD/WS/On+ix9HT6Nm5NeqsZx6wjYpe/gVQOsOT</latexit>
| 1ki
<latexit sha1_base64="pWbDMNecfbFDjuFyosfPRUJIMlc=">AAACfHicbVHbbtNAEN2YWwm3FB55WREqISEiu6AWHpBKEYg3itS0lWITjTfjZJW9WLvjisj4T3iFf+Jn EOs0SE3DPJ0554zOaCYvlfQUx7870bXrN27e2rrdvXP33v0Hve2HJ95WTuBQWGXdWQ4elTQ4JEkKz0qHoHOFp/n8faufnqPz0ppjWpSYaZgaWUgBFKhxr/c9Lb38moznqQMzVTju9eNBvCy+CZIV6LNVHY23O8fpxIpKoyGhwPtREpeU1eBICoVNN608liDmMMVRgAY0+qxert7wncI6TjPky/6ytwbt/ULnwaOBZv6q1pL/00YVFa+zWpqyIjQiWIJWVIq T5e0F+EQ6FKQWAYBwMmzJxQwcCAp3WkvJHcyRmu5O6pHaIKfrd06CukT5YoMiWqNyqyYXw6PDAD9aQ2/rzyVJDfzDN3JwqEJek/3jWlPTDX9Irl59E5zsDpKXg90vr/oHb1Yf2WKP2RP2jCVsnx2wT+yIDZlg5+wH+8l+df5ET6Pn0YsLa9RZzTxiaxXt/QVOKsOS</latexit>
| Nck i
<latexit sha1_base64="1YlFxaUeAkmU/en9B8oonwLZsOA=">AAACgnicbVFNb9NAEN2YAiV8NC0SFy4rokqIQ2S3SIBEpdIKxAmK1L SVYmONN+NklV2vtTtGRK7/DNfyh/g3rNMgNQ1zevveG73ZmaxU0lEY/ukEdzbu3ru/+aD78NHjJ1u97Z0zZyorcCiMMvYiA4dKFjgkSQovSougM4Xn2ey41c9/oHXSFKc0LzHRMClkLgWQp9Les8u4dPJ7/SUVTVrPmthCMVGY9vrhIFwUXwfREvTZsk7S7c5pPDai0liQUODcKApLSm qwJIXCphtXDksQM5jgyMMCNLqkXnyg4bu5sZymyBfvm94atHNznXmPBpq621pL/k8bVZS/TWpZlBVhIbzFa3mlOBne7oGPpUVBau4BCCv9lFxMwYIgv62VlMzCDKnp7sYOqQ2yuv5gJagblMvXKKIVKjNqfN08OvLwkynooP5aktTAP/4kC0fK5zXJP641NV1/h+j21tfB2d4g2h/sfX vdP3y3vMgme85esJcsYm/YIfvMTtiQCXbJfrEr9jvYCF4FUbB/bQ06y56nbKWC938B69TFng==</latexit>
| 1k+1i
<latexit sha1_base64="+wEG3gNfgUr5ltm6hUsjFXnncPU=">AAACgHicbVFdaxNREL1Zv2r8StU3Xy6GQkGIu1VoFYRaUXyzQtMWsmuYvZlNLrkfy72zYlz3v/iq/8h/ 4900QtM4T2fOOcMZZvJSSU9x/KcTXbt+4+atrdvdO3fv3X/Q23546m3lBA6FVdad5+BRSYNDkqTwvHQIOld4ls/ftfrZV3ReWnNCixIzDVMjCymAAjXuPf6Rll5+Scb1/FnSpA7MVOG4148H8bL4JkhWoM9WdTze7pykEysqjYaEAu9HSVxSVoMjKRQ23bTyWIKYwxRHARrQ6LN6uX7DdwrrOM2QL/vL3hq09wudB48GmvmrWkv+TxtVVBxktTRlRWhEsASt qBQny9sr8Il0KEgtAgDhZNiSixk4EBRutZaSO5gjNd2d1CO1QU7Xb50EdYnyxQZFtEblVk0uhkdHAX6wht7Un0qSGvj7b+TgSIW8JvvHtaamG/6QXL36JjjdGyQvBnufX/YPX60+ssWesKdslyVsnx2yj+yYDZlg39lP9ov9jqJoN3oeJRfWqLOaecTWKnr9F4ivxA8=</latexit>
| 2k+1i
<latexit sha1_base64="s5GOSDnGoE3uHgAWrvFLbMqvokM=">AAACgHicbVHbihNBEO2MtzXesuqbL41hYUGIM1HwAsK6ovjmCpvdhcwYajo1SZO+DN01YhznX3zVP/Jv 7MlG2Gysp1PnnOIUVXmppKc4/tOJrly9dv3Gzs3urdt37t7r7d4/8bZyAkfCKuvOcvCopMERSVJ4VjoEnSs8zRfvWv30KzovrTmmZYmZhpmRhRRAgZr0Hv5ISy+/DCf14knSpA7MTOGk148H8ar4NkjWoM/WdTTZ7RynUysqjYaEAu/HSVxSVoMjKRQ23bTyWIJYwAzHARrQ6LN6tX7D9wrrOM2Rr/qL3hq090udB48GmvvLWkv+TxtXVLzMamnKitCIYAla USlOlrdX4FPpUJBaBgDCybAlF3NwICjcaiMld7BAarp7qUdqg5yu3zoJ6gLliy2KaIPKrZqeD48PA/xgDb2pP5UkNfD338jBoQp5TfaPa01NN/whuXz1bXAyHCTPBsPPz/sHr9Yf2WGP2GO2zxL2gh2wj+yIjZhg39lP9ov9jqJoP3oaJefWqLOeecA2Knr9F4rDxBA=</latexit>
| 3k+1i
<latexit sha1_base64="iGc5Rw6/G0ngZ5qKkwpgI6yvL7U=">AAACgHicbVFdaxNREL1Zv2r8aKq++XIxFApC3G0FP0CoFcU3KzRtIbuG2ZvZ5JL7sdw7K8Z1/4uv+o/8 N95NIzSN83TmnDOcYSYvlfQUx3860bXrN27e2rrdvXP33v3t3s6DU28rJ3AorLLuPAePShockiSF56VD0LnCs3z+rtXPvqLz0poTWpSYaZgaWUgBFKhx79GPtPTyy8G4nj9NmtSBmSoc9/rxIF4W3wTJCvTZqo7HO52TdGJFpdGQUOD9KIlLympwJIXCpptWHksQc5jiKEADGn1WL9dv+G5hHacZ8mV/2VuD9n6h8+DRQDN/VWvJ/2mjioqXWS1NWREaESxB KyrFyfL2CnwiHQpSiwBAOBm25GIGDgSFW62l5A7mSE13N/VIbZDT9VsnQV2ifLFBEa1RuVWTi+HRUYAfrKE39aeSpAb+/hs5OFIhr8n+ca2p6YY/JFevvglO9wfJwWD/8/P+4avVR7bYY/aE7bGEvWCH7CM7ZkMm2Hf2k/1iv6Mo2oueRcmFNeqsZh6ytYpe/wWM18QR</latexit>
| 1k+1i
<latexit sha1_base64="+wEG3gNfgUr5ltm6hUsjFXnncPU=">AAACgHicbVFdaxNREL1Zv2r8StU3Xy6GQkGIu1VoFYRaUXyzQtMWsmuYvZlNLrkfy72zYlz3v/iq/8h/ 4900QtM4T2fOOcMZZvJSSU9x/KcTXbt+4+atrdvdO3fv3X/Q23546m3lBA6FVdad5+BRSYNDkqTwvHQIOld4ls/ftfrZV3ReWnNCixIzDVMjCymAAjXuPf6Rll5+Scb1/FnSpA7MVOG4148H8bL4JkhWoM9WdTze7pykEysqjYaEAu9HSVxSVoMjKRQ23bTyWIKYwxRHARrQ6LN6uX7DdwrrOM2QL/vL3hq09wudB48GmvmrWkv+TxtVVBxktTRlRWhEsASt qBQny9sr8Il0KEgtAgDhZNiSixk4EBRutZaSO5gjNd2d1CO1QU7Xb50EdYnyxQZFtEblVk0uhkdHAX6wht7Un0qSGvj7b+TgSIW8JvvHtaamG/6QXL36JjjdGyQvBnufX/YPX60+ssWesKdslyVsnx2yj+yYDZlg39lP9ov9jqJoN3oeJRfWqLOaecTWKnr9F4ivxA8=</latexit>
| 1k+1i
<latexit sha1_base64="+wEG3gNfgUr5ltm6hUsjFXnncPU=">AAACgHicbVFdaxNREL1Zv2r8StU3Xy6GQkGIu1VoFYRaUXyzQtMWsmuYvZlNLrkfy72zYlz3v/iq/8h/ 4900QtM4T2fOOcMZZvJSSU9x/KcTXbt+4+atrdvdO3fv3X/Q23546m3lBA6FVdad5+BRSYNDkqTwvHQIOld4ls/ftfrZV3ReWnNCixIzDVMjCymAAjXuPf6Rll5+Scb1/FnSpA7MVOG4148H8bL4JkhWoM9WdTze7pykEysqjYaEAu9HSVxSVoMjKRQ23bTyWIKYwxRHARrQ6LN6uX7DdwrrOM2QL/vL3hq09wudB48GmvmrWkv+TxtVVBxktTRlRWhEsASt qBQny9sr8Il0KEgtAgDhZNiSixk4EBRutZaSO5gjNd2d1CO1QU7Xb50EdYnyxQZFtEblVk0uhkdHAX6wht7Un0qSGvj7b+TgSIW8JvvHtaamG/6QXL36JjjdGyQvBnufX/YPX60+ssWesKdslyVsnx2yj+yYDZlg39lP9ov9jqJoN3oeJRfWqLOaecTWKnr9F4ivxA8=</latexit>
| 1k+1i
<latexit sha1_base64="+wEG3gNfgUr5ltm6hUsjFXnncPU=">AAACgHicbVFdaxNREL1Zv2r8StU3Xy6GQkGIu1VoFYRaUXyzQtMWsmuYvZlNLrkfy72zYlz3v/iq/8h/ 4900QtM4T2fOOcMZZvJSSU9x/KcTXbt+4+atrdvdO3fv3X/Q23546m3lBA6FVdad5+BRSYNDkqTwvHQIOld4ls/ftfrZV3ReWnNCixIzDVMjCymAAjXuPf6Rll5+Scb1/FnSpA7MVOG4148H8bL4JkhWoM9WdTze7pykEysqjYaEAu9HSVxSVoMjKRQ23bTyWIKYwxRHARrQ6LN6uX7DdwrrOM2QL/vL3hq09wudB48GmvmrWkv+TxtVVBxktTRlRWhEsASt qBQny9sr8Il0KEgtAgDhZNiSixk4EBRutZaSO5gjNd2d1CO1QU7Xb50EdYnyxQZFtEblVk0uhkdHAX6wht7Un0qSGvj7b+TgSIW8JvvHtaamG/6QXL36JjjdGyQvBnufX/YPX60+ssWesKdslyVsnx2yj+yYDZlg39lP9ov9jqJoN3oeJRfWqLOaecTWKnr9F4ivxA8=</latexit>
| 3k+1i
<latexit sha1_base64="iGc5Rw6/G0ngZ5qKkwpgI6yvL7U=">AAACgHicbVFdaxNREL1Zv2r8aKq++XIxFApC3G0FP0CoFcU3KzRtIbuG2ZvZ5JL7sdw7K8Z1/4uv+o/8 N95NIzSN83TmnDOcYSYvlfQUx3860bXrN27e2rrdvXP33v3t3s6DU28rJ3AorLLuPAePShockiSF56VD0LnCs3z+rtXPvqLz0poTWpSYaZgaWUgBFKhx79GPtPTyy8G4nj9NmtSBmSoc9/rxIF4W3wTJCvTZqo7HO52TdGJFpdGQUOD9KIlLympwJIXCpptWHksQc5jiKEADGn1WL9dv+G5hHacZ8mV/2VuD9n6h8+DRQDN/VWvJ/2mjioqXWS1NWREaESxB KyrFyfL2CnwiHQpSiwBAOBm25GIGDgSFW62l5A7mSE13N/VIbZDT9VsnQV2ifLFBEa1RuVWTi+HRUYAfrKE39aeSpAb+/hs5OFIhr8n+ca2p6YY/JFevvglO9wfJwWD/8/P+4avVR7bYY/aE7bGEvWCH7CM7ZkMm2Hf2k/1iv6Mo2oueRcmFNeqsZh6ytYpe/wWM18QR</latexit>
| 3k+1i
<latexit sha1_base64="iGc5Rw6/G0ngZ5qKkwpgI6yvL7U=">AAACgHicbVFdaxNREL1Zv2r8aKq++XIxFApC3G0FP0CoFcU3KzRtIbuG2ZvZ5JL7sdw7K8Z1/4uv+o/8N95 NIzSN83TmnDOcYSYvlfQUx3860bXrN27e2rrdvXP33v3t3s6DU28rJ3AorLLuPAePShockiSF56VD0LnCs3z+rtXPvqLz0poTWpSYaZgaWUgBFKhx79GPtPTyy8G4nj9NmtSBmSoc9/rxIF4W3wTJCvTZqo7HO52TdGJFpdGQUOD9KIlLympwJIXCpptWHksQc5jiKEADGn1WL9dv+G5hHacZ8mV/2VuD9n6h8+DRQDN/VWvJ/2mjioqXWS1NWREaESxBKyrFyfL2 CnwiHQpSiwBAOBm25GIGDgSFW62l5A7mSE13N/VIbZDT9VsnQV2ifLFBEa1RuVWTi+HRUYAfrKE39aeSpAb+/hs5OFIhr8n+ca2p6YY/JFevvglO9wfJwWD/8/P+4avVR7bYY/aE7bGEvWCH7CM7ZkMm2Hf2k/1iv6Mo2oueRcmFNeqsZh6ytYpe/wWM18QR</latexit>
| Nck+1i
<latexit sha1_base64="R4hm7s9p4yI9ANIh5wgdGLevCL0=">AAAChHicbVFNb9NAEN0YKCV8NIULEheLqBISKLJbEO0BVIpAnKBITV spNtZ4M05W2Q9rd4yIjPk1XOH/8G9Yp0FqGub09r03erMzeSmFoyj60wmuXb+xcXPzVvf2nbv3tnrb90+dqSzHITfS2PMcHEqhcUiCJJ6XFkHlEs/y2dtWP/uK1gmjT2heYqpgokUhOJCnst7D70npxJf6Y8abrJ49jZvEgp5IzHr9aBAtKlwH8RL02bKOs+3OSTI2vFKoiUtwbhRHJa U1WBJcYtNNKocl8BlMcOShBoUurRdfaMKdwtiQphgu3pe9NSjn5ir3HgU0dVe1lvyfNqqo2E9rocuKUHNv8VpRyZBM2G4iHAuLnOTcA+BW+ClDPgULnPy+VlJyCzOkpruTOKQ2yKr6jRUgL1GuWKOIVqjcyPFF8+jIw/dG06v6U0lCQfjuG1k4kj6vSf9xranp+jvEV7e+Dk53B/HeYP fz8/7hwfIim+wRe8yesJi9ZIfsAztmQ8bZD/aT/WK/g43gWbAXvLiwBp1lzwO2UsHrvwCBxg4=</latexit>
| Nck+1i
<latexit sha1_base64="R4hm7s9p4yI9ANIh5wgdGLevCL0=">AAAChHicbVFNb9NAEN0YKCV8NIULEheLqBISKLJbEO0BVIpAnKBITV spNtZ4M05W2Q9rd4yIjPk1XOH/8G9Yp0FqGub09r03erMzeSmFoyj60wmuXb+xcXPzVvf2nbv3tnrb90+dqSzHITfS2PMcHEqhcUiCJJ6XFkHlEs/y2dtWP/uK1gmjT2heYqpgokUhOJCnst7D70npxJf6Y8abrJ49jZvEgp5IzHr9aBAtKlwH8RL02bKOs+3OSTI2vFKoiUtwbhRHJa U1WBJcYtNNKocl8BlMcOShBoUurRdfaMKdwtiQphgu3pe9NSjn5ir3HgU0dVe1lvyfNqqo2E9rocuKUHNv8VpRyZBM2G4iHAuLnOTcA+BW+ClDPgULnPy+VlJyCzOkpruTOKQ2yKr6jRUgL1GuWKOIVqjcyPFF8+jIw/dG06v6U0lCQfjuG1k4kj6vSf9xranp+jvEV7e+Dk53B/HeYP fz8/7hwfIim+wRe8yesJi9ZIfsAztmQ8bZD/aT/WK/g43gWbAXvLiwBp1lzwO2UsHrvwCBxg4=</latexit>
| Nck+1i
<latexit sha1_base64="R4hm7s9p4yI9ANIh5wgdGLevCL0=">AAAChHicbVFNb9NAEN0YKCV8NIULEheLqBISKLJbEO0BVIpAnKBITV spNtZ4M05W2Q9rd4yIjPk1XOH/8G9Yp0FqGub09r03erMzeSmFoyj60wmuXb+xcXPzVvf2nbv3tnrb90+dqSzHITfS2PMcHEqhcUiCJJ6XFkHlEs/y2dtWP/uK1gmjT2heYqpgokUhOJCnst7D70npxJf6Y8abrJ49jZvEgp5IzHr9aBAtKlwH8RL02bKOs+3OSTI2vFKoiUtwbhRHJa U1WBJcYtNNKocl8BlMcOShBoUurRdfaMKdwtiQphgu3pe9NSjn5ir3HgU0dVe1lvyfNqqo2E9rocuKUHNv8VpRyZBM2G4iHAuLnOTcA+BW+ClDPgULnPy+VlJyCzOkpruTOKQ2yKr6jRUgL1GuWKOIVqjcyPFF8+jIw/dG06v6U0lCQfjuG1k4kj6vSf9xranp+jvEV7e+Dk53B/HeYP fz8/7hwfIim+wRe8yesJi9ZIfsAztmQ8bZD/aT/WK/g43gWbAXvLiwBp1lzwO2UsHrvwCBxg4=</latexit>
N 0c
<latexit sha1_base64="NDwmh9LVKD91C5/kZXK6DXFheOE=">AAACbnicbVFdSxtBFJ2sttX0w4+CLyIdGqQ+hV0rqA8Fqyg+tRaMCs kS7k7umiEzO8vM3dKw7F/oa/vX/Bf+BGdjCsb0Pp0551zOnXuTXElHYXjXCBYWX7x8tbTcfP3m7buV1bX1K2cKK7AjjDL2JgGHSmbYIUkKb3KLoBOF18nopNavf6J10mSXNM4x1nCbyVQKoJr61hef+qutsB1Ois+DaApabFoX/bXGZW9gRKExI6HAuW4U5hSXYEkKhVWzVzjMQYzgFr seZqDRxeVk2Ipvp8ZyGiKfvJ96S9DOjXXiPRpo6J5rNfk/rVtQehCXMssLwkx4i9fSQnEyvP4zH0iLgtTYAxBW+im5GIIFQX4zMymJhRFS1dzuOaQ6yOryq5WgnlAunaOIZqjEqMFjc/fYwzOT0Zfye05SAz/9RRaOlc+r4n9cbaqa/g7R863Pg6vddvS5vftjr3V0OL3IEttkH9kOi9 g+O2Ln7IJ1mGBD9pv9YX8b98FGsBV8eLQGjWnPezZTwc4DfM29zg==</latexit>
Xk =
N 0c
Nc
<latexit sha1_base64="YOHG0CRyXQiOAqbGb03nYGY2nk8=">AAACgHicbVFNT9tAEN24XzT9CqU3LqtGqJxSm1aCVkKioKKeWpAIREosa7wZk1V2vdbuuGqw/ F96bf8R/6brkEqEMIfV2/feaEZv0kJJR2F43QoePHz0+Mna0/az5y9evuqsvz53prQC+8IoYwcpOFQyxz5JUjgoLIJOFV6k06NGv/iJ1kmTn9GswFjDZS4zKYA8lXTeDJLp/iizIKrviXhXN2+ddLphL5wXXwXRAnTZok6S9dbZaGxEqTEnocC5YRQWFFdgSQqFdXtUOixATOEShx7moNHF1Xz9mm9lxnKaIJ//b3sr0M7NdOo9Gmji7mo NeZ82LCnbiyuZFyVhLrzFa1mpOBnepMDH0qIgNfMAhJV+Sy4m4FMgn9XSlNTCFKlub40cUjPI6uqLlaBuUS5boYiWqNSo8U3z8NDDY5PTfvWjIKmBf/1FFg6Vn1fH/7nGVLf9HaK7qa+C851e9KG3c/qxe/BpcZE1tsnesm0WsV12wL6xE9Zngl2x3+wP+xsEwXbwPohurEFr0bPBlir4/A9VY8P3</latexit>
| 1k+1i
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FIG. 2. Quantum Cloning Algorithm. (a) Sketch of the updat-
ing scheme for a time-step. (a.1) Clones evolve independently
according to their biased probabilities p′. (a.2) Each clone i is
reproduced or pruned with average Y|ψi
k
〉. (a.3) This changes
the size of the population which is resized to its original value
by randomly pruning (or replicating) clones. (b) Illustration
of six atypical trajectories that are retrieved by tracing back-
ward clones which survived up to the last time-step.
that of trajectories Pτ (O) =
∑
ωτ
P [ωτ ] δ(O − O[ωτ ]).
For long times τ , the above probability obeys a large
deviation principle Pτ (O) ∼ eτ ϕ(o), with o = τ−1O being
the time-averaged value of the observable and ϕ ≤ 0 the
so-called rate function. This has the flavour of an entropy
functional for nonequilibrium systems, with the duration
of the trajectory τ playing the role of the volume and the
typical outcome for the observable, 〈o〉, maximizing the
value of the entropy, ϕ(〈o〉) = 0.
Dual to this microcanonical-like picture, one
may introduce a canonical ensemble of trajectories
Ps[ωτ ] = e
−sO[ωτ ]P [ωτ ]/Zτ (s) –with Zτ (s) being the
(normalising) partition function– through a temperature-
like parameter s. In this ensemble the microcanonical
constraint is softened and only time-averages are con-
trolled by s. For large τ , canonical and micro-canonical
pictures are equivalent [45], and the dynamical par-
tition function Zτ (s) =
∑
ωτ
e−sO[ωτ ]P [ωτ ] , behaves
as Zτ (s) ∼ eτ θ(s) where θ(s) is the scaled cumulant
generating function of the observable o. The function
θ(s), which is the Legendre transform of ϕ(o), plays
a role akin to (minus) the free-energy and completely
characterises the statistics of o. Analogously to equilib-
rium settings, singular points in θ and ϕ may disclose
critical behaviour in the space of quantum trajectories.
The numerical method– Our approach consists in
computing θ(s) by exploiting a quantum version of the so-
called cloning algorithm [34, 35]. If we insert Eqs.(2),(3)
into Zτ (s), we get
Zτ (s) =
∑
ωτ
p|ψ0〉Y|ψ0〉p
′
|ψ0〉→|ψ1〉 . . . Y|ψN−1〉p
′
|ψN−1〉→|ψN 〉 ,
(4)
with p′|ψk〉→|ψk+1〉 = e
−sα(|ψk〉,|ψk+1〉)p|ψk〉→|ψk+1〉/Y|ψk〉
and Y|ψk〉 being the normalisation factor.
The partition function written as in Eq. (4) has now
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1. Open quantum systems and quantum Markov dynamics
sys
env
Example:  driven 2-level system (qbit) at T = 0:
quantum jump trajectory
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FIG. 3. Statistics of coherence and entanglement. (a) Dynamical free-energy θ(s) and probability Pτ (C) for the time-integrated
coherence in the laser-driven two-level atom with emission decay sketched in the panel (for Ω = 1 and γ = 4). Coherence
measures the quantum superposition between the classical configurations |↑〉 and |↓〉. The function θ(s) is smooth indicating the
existence of a single dynamical phase. Jumps reset coherence to zero while the deterministic evolution generates superposition.
The average coherence is C = 1/3. Large fluctuations characterised by larger (smaller) value of C are simply generated by larger
(smaller) times between jumps. (b) Dynamical free-energy θ(s) and probability Pτ (E) for the time-integrated entanglement
entropy E in a boundary-driven two-site non-interacting chain with µ = 0.5. There exists as well a single dynamical phase. The
deterministic dynamics can generate entanglement; however, any boundary event then collapses the system into a separable
state, which does not evolve until a further jump occurs. Fluctuations with larger (smaller) than typical entanglement are
characterised by longer (shorter) survival times of the entangled state and shorter (longer) survival times of separable states.
a clear computational interpretation, as illustrated in
Fig. 2(a). We consider a number of copies of the sys-
tem, Nc, which independently evolve or “mutate” ac-
cording to the biased stochastic dynamics p′|ψik〉→|ψik+1〉
,
for i = 1, . . . , Nc, see Fig. 2(a.1). After this mutation
step, a “selection” takes place and every clone is either
stochastically reproduced by an integer number of copies
or pruned with average Y|ψik〉, as displayed in Fig. 2(a.2).
This step changes the evolving population to the value
N ′c. In order to avoid diverging or vanishing populations
during the dynamics, this must be resized, as shown in
Fig 2(a.3), by killing or replicating randomly selected
clones. This terminates the evolution of clones over
a time-step. With this procedure, the dynamical free-
energy is θ(s) = τ−1
∑N
k=1 ln(Xk), with Xk = N
′
c/Nc
being the resizing factor at step k (see S1 in Supplemen-
tal Material for a detailed discussion of the algorithm).
In addition to the full statistics obtained via θ(s),
clones surviving up to the last time-step provide a
representative sample of the quantum trajectories
realising the fluctuation o = −θ′(s), c.f. Fig. 2(b). In
the presence of critical phenomena in trajectory-space
[46], the analysis of these samples can shed light on the
properties of the dynamical phases of the system.
Coherence and entanglement statistics– Within
this framework it is possible to explore completely novel
aspects about dynamical fluctuations of genuine quan-
tum features. Indeed, the algorithm is not restricted to
jump-rate observables like currents or activities (see S2
in Supplemental Material for examples of these observ-
ables) but it is rather universal, in that it can be used
for generic time-integrated observables once the proper
increment α is identified. Thus to unveil the statis-
tics of a function of the state f(|ψ〉) –where f must
be understood as a function of all coefficients defining
the pure state |ψ〉– the increment can be written as
α(|ψk〉, |ψk+1〉) = (f(|ψk〉) + f(|ψk+1〉))δt/2. The sum
in equation (3) provides, for δt → 0, a good approxi-
mation to the observable Oτ =
∫ τ
0
f(|ψt〉)dt. No tilted
Lindblad can provide the statistics of such observables
[40].
In Fig. 3 we report on the characterisation of the
statistics of time-averaged coherence and entanglement
in paradigmatic few-body systems. For coherences, de-
fined as C = τ−1
∫ τ
0
dt c(t), we consider a two-level atom
with J1 =
√
γσ− and H = Ω(σ−+σ+), with σ± being the
ladder operators [38]. Here, c(t) is the modulus of the off-
diagonal terms of the stochastic state |ψt〉〈ψt| and repre-
sents a measure of quantum superposition (see S3 in the
Supplemental Material for more details). The dynamical
free-energy, see Fig. 3(a), is smooth in the temperature-
like parameter s indicating that trajectories are domi-
nated by a single dynamical phase. The deterministic
dynamics in between jumps builds up coherence until a
jump –or photon emission– resets the system into the
de-excited (classical) state. Thus, fluctuations with large
time-integrated coherence are characterised by smaller
than typical jump rates, as displayed in Fig. 3(a).
We then consider the statistics of the time-averaged
half-system entanglement –Von Neumann– entropy, E =
τ−1
∫ τ
0
SV N (t)dt, in a non-interacting two-site boundary-
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Hysteresis
FIG. 4. Dynamical coexistence and hysteresis in entanglement fluctuations. (a) Dynamical free-energy θ(s) with random initial
conditions for strongly interacting boundary-driven XXZ chain with L = 4 spins and µ = 1, as sketched in the panel. The
sudden change in slope signals the existence of two dynamical regimes, a high (E ≈ log 2) and a low entanglement (E ≈ 0.095)
one. In the inset we show hysteresis behaviour of entanglement fluctuations. For separable initial conditions the entanglement
crossover takes place at a larger value of |s| than for entangled initial conditions. (b) Trajectory of the half-chain entanglement
Von Neumann entropy SV N (t) at the dynamical crossover point sc = −0.35, for random initial conditions. Analogously to
what happens in equilibrium, we observe coexistence in time of values of entanglement characteristic of the two phases. The
inset shows the corresponding trajectory of the average occupation number: in the entangled phase we observe superposition
of states in the central spins, while the low entanglement phase is close to a classical configuration.
driven chain [47] [see Fig. 3(b)] (see S4 in the Supplemen-
tal Material for more details). The model is described
by equation (1), with J1/2 =
√
γ±σ
(1)
± injecting/ejecting
a particle in the first site and J3/4 =
√
γ∓σ
(L)
± in the
last. Rates γ± = 1 ± µ depend on the driving pa-
rameter µ, and H =
∑L−1
k=1
(
σ
(k)
− σ
(k+1)
+ + σ
(k)
+ σ
(k+1)
−
)
+
∆
∑L−1
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z , with ∆ accounting for interactions.
In Fig. 3(b), we observe a smooth entanglement dy-
namical free-energy. The dynamics is made of boundary
jump events which destroy entanglement, if present, by
collapsing the state onto classical configurations. These
are time-invariant under Heff so they survive until a fur-
ther boundary event occurs. High (low) entanglement
fluctuations are generated by dynamical realisations with
small (large) fractions of time spent in classical configu-
rations, as shown by representative quantum trajectories.
It is worth remarking that generic quantum jump pro-
cesses –contrary to classical ones– do not visit the whole
space of admissible pure states [40]. Initial conditions
thus play a crucial role. For instance, a process could
generate a large entanglement fluctuation from a highly
entangled initial state simply avoiding jump events, in
order not to leave a favorable dynamical regime which,
once left, could not be reproduced. This however does
not reflect the entangling power of the process: to un-
ambiguously characterise the entanglement statistics of
the process itself, one must start from separable states,
as in Fig. 3, or investigate different initial conditions, as
we do in what follows.
Dynamical crossover, coexistence and hysteresis
between high and low entanglement phases– The
dynamical free-energy of entanglement may also feature
abrupt changes associated with different fluctuations.
Analogously to what happens in equilibrium, this is the
signal of transition-like critical behaviour in trajectories.
In Fig. 4(a) we report on a sudden change of the dy-
namical free energy θ(s) of the half-chain entanglement
entropy, in a strongly interacting (∆ = 4) few-body
boundary-driven chain [48] (see S4 in the Supplemen-
tal Material for more details). This witnesses the exis-
tence of two distinct dynamical regimes, reminiscent of
first-order phase transitions as sketched in Fig. 1. In
particular, these two regimes correspond to a high and
a low entanglement phase. Critical fluctuations of en-
tanglement with values in between these two regimes are
characterised by coexistence of both phases, as displayed
by a representative trajectory in Fig. 4(b). Here we see
how a highly entangled phase (SV N (t) ≈ log 2), with
central spins having 76% projection on the Bell state
|Φ−Bell〉 ∝ |↑↑〉−|↓↓〉, deterministically evolves until quan-
tum jumps take place and drive the system into a lower
entanglement phase (SV N (t) ≈ 0.095), with a 98% pro-
jection on the classical configuration |↑↑↓↓〉. This inter-
mittent behavior manifests as well in the average occu-
pation number –see inset to Fig. 4(b).
The function θ(s) has been obtained starting from a
random initial condition for each clone. Once we have
approximately established the reference states for the
two dynamical regimes, we can verify the robustness
of this abrupt crossover against initial conditions. In
the inset to Fig. 4(a), we show the time-averaged
entanglement for different initial conditions. Remark-
5ably, hysteresis behaviour emerges in entanglement
fluctuations. When starting from a separable state
the crossover takes place at a larger finite value of |s|
–meaning that the large entanglement phase is less likely
observed– than when the initial state is
∣∣↑ Φ−Bell ↓〉, closer
to the reference state for the highly entangled phase.
Since the sudden crossover persists when starting from a
fully separable state, the entanglement critical dynam-
ics is intrinsic of the quantum process and should not
be associated with the entanglement of initial conditions.
Outlook– We have introduced a general numerical
framework where statistical properties of arbitrary time-
integrated observables of quantum jump trajectories can
be explored. This approach paves the way to the study
of the fluctuating behaviour of truly quantum features.
While we have discussed applications to few-body quan-
tum systems, our method, in combination with matrix
product or neural network [49] representations of quan-
tum trajectories, may be exploited to study genuine
many-body dynamical phases and critical behaviour in
quantum nonequilibrium settings.
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S1. QUANTUM CLONING ALGORITHM
We are interested in the statistics of arbitrary time-averaged observables, ranging e.g. from the number of photons
or particles leaving the system per unit time, to the time-averaged entanglement entropy or coherence up to time τ .
By dividing the time interval [0, τ ] into N infinitesimal time-steps δt = t/N → 0, we can express any time-integrated
observable Oτ as a functional over trajectories Oτ = O[ωτ ],
O[ωτ ] =
N−1∑
k=0
α (|ψk〉, |ψk+1〉) ;
where ωτ = {|ψ0〉, |ψ1〉, . . . |ψN 〉} is the quantum trajectory and α is an observable-dependent function describing the
discrete increment of the observable in a time-step. Recall that we are short-hading the pure state at a given time,
|ψk δt〉, as |ψk〉.
In order to study the statistics of such observables we firstly explicit the probability of a quantum trajectory, which
by the Markov character of the dynamics of the system can be written as
P [ωτ ] = p|ψN−1〉→|ψN 〉 · · · p|ψ0〉→|ψ1〉p|ψ0〉
where p|ψ0〉 is the probability of the initial state |ψ0〉 and p|ψk〉→|ψk+1〉 stands for the transition probability from state
|ψk〉 to |ψk+1〉, which can be either pµ = δt 〈ψk| J†µJµ |ψk〉, for µ = 1, 2, ..., Nj or p0 = 1 −
∑Nj
µ=1 pµ, depending on
whether the system either jumps or evolves under the action of Heff , respectively. Here, Nj are the number of jump
operators Jµ encoding the type of interaction between system and environment. Thus, the probability of having a
value O for the observable is,
Pτ (O) =
∑
ωτ
P [ωτ ]δ(O −O[ωτ ]) =
∑
ωτ
p|ψN−1〉→|ψN 〉 · · · p|ψ0〉→|ψ1〉p|ψ0〉δ
(
O −
N−1∑
k=0
α(|ψk〉, |ψk+1〉)
)
.
The same information is obtained from the moment generating function or dynamical partition function Zτ (s) =∑
O P (O)e
−sO, which reads
Zτ (s) =
∑
ωτ
p|ψN−1〉→|ψN 〉e
−sα(|ψN−1〉,|ψN 〉) · · · p|ψ0〉→|ψ1〉e−sα(|ψ0〉,|ψ1〉)p|ψ0〉 .
Thus by defining
p˜|ψk〉→|ψk+1〉 ≡ p|ψk〉→|ψk+1〉e−sα(|ψk〉,|ψk+1〉) , (S1)
we can rewrite the dynamical partition function as Zτ (s) =
∑
ωτ
p˜|ψN−1〉→|ψN 〉 · · · p˜|ψ0〉→|ψ1〉p|ψ0〉. We are inter-
ested in simulating Zτ (s) for long times in order to obtain the dynamical free energy, as θ(s) = limτ→∞ 1τ lnZτ (s).
8However, the transition probabilities (S1) are not normalized (
∑
|ψk+1〉 p|ψk〉→|ψk+1〉 6= 1), and cannot be simu-
lated as a standard stochastic process. Nevertheless, we can normalize them by introducing the cloning rates,
Y|ψk〉 ≡
∑
|ψk+1〉 p˜|ψk〉→|ψk+1〉, so that
p′|ψk〉→|ψk+1〉 ≡
p˜|ψk〉→|ψk+1〉
Y|ψk〉
, (S2)
are proper transition probabilities. We can then express Zτ (s) as
Zτ (s) =
∑
ωτ
p′|ψN−1〉→|ψN 〉Y|ψN−1〉 · · · p′|ψ0〉→|ψ1〉Y|ψ0〉p|ψ0〉 . (S3)
This way of writing the dynamical partition function Zτ (s) allows us to numerically compute θ(s), since (S3) can be
computationally read as follows: each state |ψk〉 evolves at each time-step δt according to p′|ψk〉→|ψk+1〉Y|ψk〉, which
consists of a stochastic evolution –or “mutation”– with transition probability p′|ψk〉→|ψk+1〉 and a “selection” term
which replicates or removes the evolved state by replacing it with an integer number of identical copies with average
Y|ψk〉. The latter operation is the responsible for the exponential growth of Zτ (s) in time. To check this we write
for given a trajectory {|ψ0〉, · · · , |ψN 〉}, the number of clones at time τ , N ({|ψ0〉, · · · , |ψN 〉}; τ), as the following
recurrence relation:
N ({|ψ0〉, . . . , |ψN 〉}; τ) = p′|ψN−1〉→|ψN 〉Y|ψN−1〉N ({|ψ0〉, . . . , |ψN−1〉}; τ − δt) ,
so iterating we get
N ({|ψ0〉, . . . , |ψN 〉}; τ) = p′|ψN−1〉→|ψN 〉Y|ψN−1〉 · · · p′|ψ0〉→|ψ1〉Y|ψ0〉N (|ψ0〉; 0) ,
where N (|ψ0〉; 0) = Ncp|ψ0〉 is the number of copies in the initial state |ψ0〉 when starting with a number Nc of initial
states. Thus the average number of clones at time τ , 〈N (τ)〉 is given by
〈N (τ)〉 =
∑
ωτ
N ({|ψ0〉, . . . , |ψN 〉}; τ) =
∑
ωτ
p′|ψN−1〉→|ψN 〉Y|ψN−1〉 · · · p′|ψ0〉→|ψ1〉Y|ψ0〉p|ψ0〉 = NcZτ (s)
and consequently Zτ (s) = 〈N (τ)〉/Nc. However, due to the exponential growth in time of N (t) –notice that Zτ (s) ∼
eτθ(s)–, it is convenient to write the dynamical partition function as
Zτ (s) =
N∏
k=1
Zkδt(s) =
N∏
k=1
〈N (kδt)〉
Nc
.
This allows us to avoid diverging or vanishing population of clones after a time τ and to compute the dynamical free
energy as
θ(s) ∼ 1
τ
N∑
k=1
ln
( 〈N (kδt)〉
Nc
)
, for Nc, τ  1 .
The computation of the above expression can be numerically performed with the following algorithm at every time-
step:
(a) Mutation: Each of the Nc states |ψik〉 with i = 1, 2, . . . , Nc, is independently evolved with the stochastic dynamics
p′|ψik〉→|ψik+1〉
.
(b) Selection: The evolved states are replicated or removed with average Y|ψik〉. This is carried out by copying the
evolved states yi = bY|ψik〉 + uc times, with u being a random number uniformly distributed u ∈ [0, 1]. If y = 0
then there is no offspring of the evolved state |ψik+1〉.
(c) Resizing : The factor Xk = N
′
c/Nc is computed, where N
′
c =
∑Nc
i=1 yi is the new total number of copies, and the
total number of copies is sent back to Nc by randomly adding (if N
′
c < Nc) or removing (if N
′
c > Nc) |N ′c −Nc|
copies among the N ′c states.
9(d) Increase the time-step by one k = k + 1 and go to (a) until time τ (k = N) is reached .
For long times and a large number of clones, Nc  1, the factor Xk is a good estimator of 〈N (kδt)〉/Nc, and the
dynamical free energy can be thus computed as
θ(s) =
1
τ
N∑
k=1
ln (Xk) . (S4)
The above algorithm is sketched in Fig. 2(a) of the main text. In addition, from this algorithm it is easy to retrieve
the rare trajectories responsible for the rare event just by tracing back the states that have survived until the last
time-step, as depicted in Fig. 2(b) of the main text.
S2. APPLICATION TO JUMP-RATE OBSERVABLES
The algorithm described above allows us to unveil the statistics of arbitrary time-averaged observables. In the main
text, it has been applied to observables which depend on the state, such as the coherence or the entanglement entropy.
For this kind of observables, the numerical approach here introduced is the only numerical method available so far to
obtain the dynamical free energy. Furthermore, this algorithm can be applied as well to jump-rate observables, i.e. to
observables such as the current or the activity –measuring the number of jumps–, which only take a non-zero value
whenever a jump occurs. However, for these observables the dynamical free energy can be obtained in a completely
independent manner by means of tilted operator techniques [38, 39]. We can thus check the validity of the algorithm
by computing the dynamical free energy for jump-rate observables in different systems. In the following, we shall
unveil the statistics of the activity in a laser-driven two-level atom with decay and the current in a boundary-driven
spin chain.
S2.1 Activity statistics in a laser-driven two-level atom with decay
The activity in this case corresponds to the photon-emission rate of the system. The state of the system can
be either excited |↑〉 = (1, 0)T or de-excited |↓〉 = (0, 1)T . Rabi oscillations are implemented by the Hamiltonian
H = Ω(σ− + σ+), where σ− = |↓〉〈↑|, σ+ = σ†−, and Ω the Rabi frequency. The jump operator describing photon-
emission is J1 =
√
γσ−, with γ being the decay rate and , and is such that J1|ψ〉 ∝ |↓〉 and J1 |↓〉 = 0. To uncover the
statistics of the activity, it is possible to exploit tilted operator techniques [38, 39], which show that the dynamical
free energy θ(s) for this observable is given by the largest real eigenvalue of the following tilted Lindbladian
Ls[X] = −i[H,X] + e−sJ1XJ†1 −
1
2
{
X, J†1J1
}
.
On the other hand, within the framework presented here we can obtain the same dynamical free energy applying
the quantum cloning algorithm with an increment for the observable α = 1 if a jump takes place, i.e. if |ψk+1〉 =
J1|ψk〉/‖J1|ψk〉‖, and zero otherwise.
Results are displayed in Fig. S1(a), where we observe a perfect agreement between the exact diagonalisation pre-
diction (solid lines), and the data obtained with the algorithm (points). In this case the data have been generated for
γ = 4 and different Rabi frequencies, with Nc = 5000 clones and a discretisation step of δt = 0.0025 for trajectories
of length τ = 50 after a relaxation time of τrelax = 25. We then have computed θ(s) taking the average over 100
different numerical experiments (or trajectories). Further, the initial state of each clone has been randomly taken
from a uniform distribution.
S2.2 Current statistics in a boundary-driven chain
Another paradigmatic jump-rate observable besides the activity is the current. Here we focus on the statistics of
the current in the boundary-driven XX chain, which is a paradigmatic nonequilibrium system which allow for the
study of transport properties in quantum Hamiltonian systems connected at their extreme sites to particle reservoirs.
The effects of these reservoirs consist in injecting or ejecting particles from the bulk of the system. Here we consider
sites made of two-level subsystems. Considering L sites, we can write with the notation x(k) the operator x of site
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FIG. S1. (a) Dynamical free energy θ(s) for the time-averaged activity of a two-level system. Solid lines correspond to
exact diagonalisation results while points are the values obtained with the quantum cloning algorithm. (b) Same results for
time-averaged current in the boundary-driven XX spin chain for L = 4 spins.
k, with x being an operator of the spin-1/2 algebra. This type of systems are usually modelled, in the Markovian
approximation, by Lindblad generators of the following form
L[X] = −i[H,X]
+
∑
β=+,−
γβ
(
σ
(1)
β Xσ
(1)†
β −
1
2
{
X,σ
(1)†
β σ
(1)
β
})
+
∑
β=+,−
γ−β
(
σ
(L)
β Xσ
(L)†
β −
1
2
{
X,σ
(L)†
β σ
(L)
β
})
,
(S5)
where σ− = |↓〉〈↑| describes ejection of a particle and σ+ = σ†− injection. Rates are given by γ+ = 1+µ and γ− = 1−µ,
where µ is the driving parameter establishing an asymmetry between the left and the right boundary. We consider a
tight-binding Hamiltonian
H =
L−1∑
k=1
(
σ
(k)
− σ
(k+1)
+ + σ
(k)
+ σ
(k+1)
−
)
.
In a boundary-driven chain the current corresponds to the net number of particle leaving the chain from, say, the
right boundary, per unit time. Again, the statistics in this case can be recovered by obtaining the dynamical free
energy θ(s) as the largest real eigenvalue of the tilted operator [38]
Ls[X] = L[X] + γ+(es − 1)σ(L)− Xσ(L)+
+ γ−(e−s − 1)σ(L)+ Xσ(L)−
.
With the algorithm here introduced we can derive the same statistics by exploiting the framework described in the
main text with observable increments α such that α = 1 if a particle is removed from the last site –right boundary–,
i.e.
|ψk+1〉 =
σ
(L)
− |ψk〉
‖σ(L)− |ψk〉‖
,
or α = −1 if a particle is injected in the last site, i.e.
|ψk+1〉 =
σ
(L)
+ |ψk〉
‖σ(L)+ |ψk〉‖
,
and zero otherwise.
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In Fig. S1(b) we observe the good agreement between the exact diagonalisation results (solid lines) and the numerical
data obtained with the algorithm (points). These data have been generated for a chain of L = 4 sites with different
values of the boundary driving µ, with Nc = 5000 clones and a discretisation step of δt = 0.005 for trajectories of
length τ = 50 after a relaxation time of τrelax = 25. The dynamical free energy θ(s) has been computed taking the
average over 100 different numerical experiments (or trajectories). The initial state of each clone has been randomly
taken from a uniform distribution.
S3. COHERENCE STATISTICS IN THE LASER-DRIVEN TWO-LEVEL ATOM WITH DECAY
To model the laser-driven two-level atom emitting photons in an environment we exploit a spin-1/2 algebra. The
state of the system can be either excited |↑〉 = (1, 0)T or de-excited |↓〉 = (0, 1)T . Rabi oscillations are implemented
by the Hamiltonian H = Ω (σ− + σ+), where σ− = |↓〉〈↑|, σ+ = σ†−, and Ω the Rabi frequency. The jump operator
describing photon-emission is J1 =
√
γσ−, with γ being the decay rate. The jump operator J1 thus acts as J1|ψ〉 ∝ |↓〉
and J1 |↓〉 = 0.
In order to derive the dynamical free energy θ(s) for the coherence, measuring the amount of superposition between
the two classical states |↓〉 and |↑〉, we firstly write the quantum pure state, at each (discrete) time of the trajectory,
as
|ψk〉 =
(
ak
bk
)
, (S6)
with |ak|2 + |b2k| = 1. Recall that |ψk〉 is short-hand for |ψt=k δt〉. In a density matrix formulation the same state is
written as
|ψk〉〈ψk| =
( |a2k| akb∗k
a∗kbk |bk|2
)
;
while diagonal entries represent the population in the classical configuration states |↑〉 and |↓〉, the off-diagonal term
ck = |akb∗k| = |a∗kbk| = | 〈↑|ψk〉〈ψk |↓〉 | measures the quantum coherence, i.e. how much the quantum state is in a
superposition, c.f. Eq. (S6). For the statistics of coherence we thus exploit the cloning algorithm with f = |ab∗|. The
data of Fig. 3(a) have been generated for Ω = 1, γ = 4, with Nc = 1000 clones and a discretisation step of δt = 0.01
for trajectories of length τ = 500. We then have the computed θ(s) taking the average over 100 different numerical
experiments (or trajectories). Further, the initial state of each clone has been set to |ψ0〉 = |↓〉. The inset to Fig. 3(a)
displaying τ−1 lnPτ (C) has been computed by Legendre transforming θ(s).
S4. ENTANGLEMENT STATISTICS IN BOUNDARY-DRIVEN CHAINS
Boundary-driven chains are paradigmatic nonequilibrium systems which allow for the study of transport properties
in quantum Hamiltonian systems connected at their extreme sites to particle reservoirs. The effects of these reservoirs
consist in injecting or ejecting particles from the bulk of the system. Here we consider sites made of two-level
subsystems. Considering L sites, we can write with the notation x(k) the operator x of site k, with x being an
operator of the spin-1/2 algebra.
This type of systems are usually modelled, in the Markovian approximation, by Lindblad generators of the following
form
L[X] = −i[H,X]
+
∑
β=+,−
γβ
(
σ
(1)
β Xσ
(1)†
β −
1
2
{
X,σ
(1)†
β σ
(1)
β
})
+
∑
β=+,−
γ−β
(
σ
(L)
β Xσ
(L)†
β −
1
2
{
X,σ
(L)†
β σ
(L)
β
})
,
(S7)
where σ− = |↓〉〈↑| describes ejection of a particle and σ+ = σ†− injection. Rates are given by γ+ = 1+µ and γ− = 1−µ,
where µ is the driving parameter establishing an asymmetry between the left and the right boundary. We consider a
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tight-binding Hamiltonian
H =
L−1∑
k=1
(
σ
(k)
− σ
(k+1)
+ + σ
(k)
+ σ
(k+1)
−
)
+ ∆
L−1∑
k=1
σ(k)z σ
(k+1)
z ,
where σz = |↑〉〈↑| − |↓〉〈↓| is the single-site magnetisation operator. For non-interacting systems one sets ∆ = 0 and
the problem can be mapped into a free-fermionic model. The presence of strong interactions is instead accounted for
by a ∆ 1.
As a quantification of bipartite entanglement in the stochastic pure state of the chain, we consider the Von Neumann
entropy of the reduced density matrix of one of the two subsystems. Dividing the system into two halves of length
L/2, which we call A and B, we evaluate the reduced density matrix of the subsystem A as
ρA = TrB (|ψ〉〈ψ|) ,
where |ψ〉 is the pure state of the full system and TrB denotes trace over the degrees of freedom in B. The Von
Neumann entanglement entropy of the bipartition is thus defined as
SV N = −Tr (ρA log ρA) .
Therefore, in order to unveil the statistics of the entropy of entanglement we consider, for the framework described
in the main text, an increment
α(|ψk〉, |ψk+1〉) = δt
2
[f(|ψk〉) + f(|ψk+1〉)] ,
with f = SV N .
The data of Fig. 3(b) have been generated for a spin chain with L = 2 sites, µ = 0.5, ∆ = 0, using Nc = 1000 clones
for trajectories of length τ = 50 with a δt = 0.01 after a relaxation time of τrelax = 25. The dynamical free energy θ(s)
has been computed by taking the average over 100 different numerical experiments. In this case, we have observed
that setting the clones in a uniformly random initial condition will give rise to a clone with a highly entangled initial
state (SV N ≈ log(2)). Such clone will then be favoured by the dynamics of the algorithm and will avoid jumping
–for sufficient large negative s (s . −5). This happens because once the favourable dynamical regime, generated by
the effective Hamiltonian dynamics of the initial state, is left, it cannot be reached by a spontaneous fluctuation of
the system. This reflects, as highlighted in the main text, how quantum jump processes –unlike classical systems–
do not visit the whole space of admissible pure states. For that reason we initially set every clone in the classical
configuration |ψ0〉 = |↑↓〉. Finally, the inset to Fig. 3(b) displaying τ−1 lnPτ (E) has been computed by Legendre
transforming θ(s).
The data of Fig. 4 have been generated for a spin chain with L = 4 sites, maximum driving µ = 1, and strong
interaction ∆ = 4. In this case we have used Nc = 1000 clones for trajectories of length τ = 50 with a δt = 0.05 after
a relaxation time of τrelax = 25. The dynamical free energy θ(s) has been computed by taking the average over 100
different numerical experiments for uniformly random initial conditions. The inset to Fig. 4(a) displays the hysteresis
loop obtained by starting with the different initial conditions. These data have been obtained by time-averaging
(for intermediate times, i.e. , between τini = 10 and τend = 40 to avoid time-boundary effects [11]) the entropy of
entanglement of each trajectory generated for every clone in each numerical experiment. It is worth noting that in
order to obtain the correct values of θ(s) for 0 < s ≤ −0.2 we have to take δt ≥ 0.05, otherwise the product sδt in
the argument of the exponential of the cloning rate Y|ψk〉 is so small that Y|ψk〉 = 1, so that no cloning process takes
place. In particular this is solved by taking δt = 0.1 for s = −0.2,−0.15, δt = 0.2 for s = −0.10 and δt = 0.3 for
s = −0.05.
